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Abstract
Dynamics of the Inertia Coupled Rimless Wheel with Frictional Losses
and Actuation
Konrad J.H. Ahlin
Supervising Professor: Dr. Mario W. Gomes
The Inertia Coupled Rimless (ICR) wheel is a mechanically simple walking device
capable of energy efficient motion. Typically, walking robots that are capable of level
ground transport are extremely energy inefficient. To address this performance issue,
the ICR wheel was examined while considering real-world frictional losses. The ICR
wheel has been previously shown to be capable of collisionless, periodic motion, but
until now, the ICR wheel had only been examined as an ideal, theoretical model.
The inertia device within the system was tested to determine both the magnitude of
energy loss due to damping and a suitable model for its motion.
Fitting friction models to the experimental results showed that the a visciously
damped model most accurately represented the system’s motion. Simulations revealed
that the ICR wheel with friction would be capable of walking passively on a ramp
with half stable, periodic walking, but the collisionless motion was lost.
An actuation scheme was designed in simulation to allow an ICR wheel with
damping to achieve collisionless motion on level ground. Experimental testing of a
passive ICR wheel on a 3o ramp showed that a cost of transport of at least 0.052 is
possible with this system. Simulations suggest that, with the inclusion of an actuation
scheme, the cost of transport for the same system on level ground could be as low as
0.024.
Understanding how to overcome frictional losses lays the foundation for the cre-
ation of a walking robot capable of level ground transport with significantly less
energy use than current models are capable of achieving.
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1Chapter 1
Background Information
1.1 Introduction
Engineers have created various forms of bipedal robots, and some of these designs
can walk effectively over a variety of terrains. However, these robots tend to be less
energy conservative than humans [1]. The primary difference between mechanical
versus living gaits is generally the trajectory followed: humans have a walking style
that seems to naturally minimize metabolic requirements [2] [3]. The relationship
between humans and energy efficient walking has been thoroughly studied. Certain
robotic walkers with paths optimized for energy efficiency have been shown to follow
either walking or running paths similar to humans [4]. Similarly, engineers have found
that mimicking human walking designs can lead to robotic motion that is naturally
energy efficient [5] [6]. Indeed, researchers will sometimes analyze simple mechanical
walking models for energy efficiency to predict the metabolic costs of human walking
[7] [8], as well as to predict human balance performance while walking [9].
Creating robotic mechanisms that perfectly mirror human motion is not yet fea-
sible. From an energy efficiency perspective, many modern day actuated bipeds do
not typically have an ideal gait and tend to dissipate large amounts of energy in
collisions with the ground at every step. Actively controlled robots also often have
to fight negative work done by actuation. In order to improve the energy economics
2of actively controlled walkers, it can be advantageous to observe the movements of
passive designs that exhibit energy efficient cycles and apply their motions to level
ground. Passive Dynamic Walking (PDW) models, such as the compass walker or
rimless wheel, often add energy to the system by traveling down a slope. Numerous
numeric simulations exist for different types of mechanical bipeds and rimless wheel
models, and some of them succeed in having relatively energy efficient and periodic
gaits.
One of the least complex of all walking models is the simple rimless wheel. The
model for a simple rimless wheel is made by removing the rim of a wagon wheel,
creating a hub with a set number of spokes with a fixed angle between them, as shown
in Fig. 1.1. The behavior of this wheel down a ramp is one of the simplest passive
“walking” models, and a great deal of work has been done by others in quantifying
and simulating its motion [10]. A more complicated rimless wheel model is the Inertia
Coupled Rimless (ICR) wheel, developed by Gomes; an example of which is depicted
in Fig. 1.2 [11]. The ICR wheel has a simple rimless wheel frame connected to an
inertia device at the central hub. The inertia device and frame are coupled by a
torsional spring, and the torque produced by oscillations of the inner rotating mass
causes movement of the outer structure. Another well-studied passive walking model
is the compass walker, which, in its simplest form, is two rods connected at the ends
to create a bipedal structure, usually moving down a ramp as represented in Fig. 1.3.
The compass walker is the simplest biped capable of energy efficient, stable walking
cycles when traveling down a ramp [12], but even much more complicated models
based off the compass walker have had success in traversing slanted ground [13] [14].
Many researchers have modeled these types of energy efficient walkers analytically,
numerically, and experimentally, and the conclusions they have drawn will guide the
development of the Inertia Coupled Rimless Wheel prototypes.
3γ
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Fig. 1.1: Basic model of a simple rimless wheel on a ramp, where γ indicates the ramp angle and α
represents the fixed angle between spokes.
Fig. 1.2: A five-legged Inertia Coupled Rimless wheel model on level ground, where θ is the variable
angle between the inertia device and frame.
Cost of Transport =
Energy Used
(Weight) · (Distance Traveled) (1.1)
Most passive walking devices all share a common element: their paths necessitate
a collision, and a collision will dissipate energy. A non-dimensional value known as
the “Cost of Transport” (COT) can be used to evaluate and compare the energy
efficiency of a walking device, as seen in Eqn. 1.1. The COT represents the energy
expended compared against the energy required to travel a unit horizontal distance.
A system with a lower COT has an inherently more energy efficient walking design.
Walking demands that a foot must lift off from the ground to later re-make contact.
However, dynamic motion can be designed for which collisionless impacts occur. If
4η
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Fig. 1.3: Basic compass model on a ramp, where γ indicates the ramp angle and η represents the
variable angle between spokes.
energy was not lost due to impact, and non-conservative forces are not considered, a
device would be able to continue its motion indefinitely on level ground.
1.2 Motivation
Robotic walking is becoming more common in modern society. Traditionally, robotic
motion is not designed, but it is rather a by-product of the mechanical designs them-
selves. The emphasis on physical designs over dynamic considerations often lead to a
robotic walker capable of transport only through enormous amounts of energy. The
genesis of designing dynamic motion and creating mechanical systems capable of per-
forming these motions is still underway and could lead to a significant reduction in
energy requirements by legged systems. The Inertia Coupled Rimless wheel is on the
cusp of robotic understanding in terms of collisionless motion and friction consider-
ations. The hope is that by studying a mechanically simple design, the increased
understanding in dynamics could one day translate into complex robotics capable of
performing at extraordinarily high efficiencies.
51.3 Literature Review
In order to create a powered, energy efficient robotic walker capable of traversing
level ground, the work done by others in the field of robotic motion should be care-
fully considered. This section is split into the following subsections to show how
energy efficient motion is obtained and implemented by modern devices in analytical,
numerical, and experimental models.
1. Passive Devices with Periodic Paths:
Devices without actuators that have some form of stable motion and are energy
efficient.
2. Passive Transport Over Level Ground:
Devices without actuators that do not have asymptotically stable motion over
level ground but are perfectly energy efficient.
3. The Rimless Wheel:
General theory behind rimless wheel motion and devices that employ the rimless
wheel design.
4. Active Walkers Based on Energy Efficient Models:
Numeric and experimental models that use energy efficient designs in non-ideal
environments.
1.3.1 Passive Devices with Periodic Paths
Passive robotic designs that have natural periodic paths have been shown to be ex-
tremely energy efficient. Two main contributors to this body of knowledge are Chat-
terjee et al. with their hopping block model [15], and McGeer and his passive-dynamic
walking models [16] [17]. Chatterjee et al. have shown in their numeric models that
6Fig. 1.4: The paths of Chatterjee et al.’s one dimensional hopping block model during a periodic
cycle. Image taken from [15].
two blocks connected together by a spring in a gravity field can have continuous, peri-
odic, one-dimensional motion without energy supplementation, as shown in Fig. 1.4.
McGeer has shown with his numeric models that a biped with a point mass torso and
kneed joints can exhibit cyclical motion down a ramp, assuming that all collisions are
perfectly plastic, shown in Fig. 1.5. Although these models may seem far removed
from the basic design of the Inertia Coupled Rimless wheel, or even the simple rim-
less wheel, the precedents they set in terms of energy losses for collisions is crucial to
understanding the behaviors seen in more complicated designs.
Chatterjee et al.’s Hopping Block Model
Chatterjee et al.’s physical parameters for their hopping block may be relatively sim-
ple, but the numeric model is successful in creating a completely energy conservative,
dynamic system. In the hopping block design, two masses are separated by a distance
and connected by a spring. While the second mass is stationary and in contact with
the ground, the movements of the first mass cause the second mass to lift off, at which
point the masses are in “flight”. Then the second mass once again hits the ground
and the cycle is continued; this motion is depicted in Fig. 1.4. The flight dynamics are
7Fig. 1.5: McGeer’s two dimensional kneed-biped model with curved ankles on a ramp. Image taken
from [16].
represented in the non-dimensional Eqns. 1.2 and 1.3. Where y1 =
x1
m2h
g
k
, y2 =
x2
m2h
g
k
,
and Mh =
m2h
m1h
.
(1 +Mh)y¨1 = −Mh(y1 − y2)− 1 (1.2)
(1 +Mh)y¨2 = (y1 − y2)− 1 (1.3)
If the collision is treated as perfectly plastic (such that the coefficient of restitu-
tion is zero), the impact with the ground causes the velocity of the impact mass to
immediately fall to zero [15]. The positions of both blocks and the velocity of the
non-impacted block are not effected during this step of the cycle. Then, lift off will
occur when the force of spring tension between the blocks is greater than the weight
of the impact block. Chatterjee et al. defines the velocity of the free mass at lift off
as α˙, and this parameter becomes crucial to the path of periodic motion as it defines
the initial condition for the flight equations. Chatterjee et al. found that for any
combination of parameters, a small region of half stability exists [15]; this revelation
8will become crucial to understanding the dynamics of the system and directly relates
to the behaviors of the Extended Body Rimless wheel.
McGeer’s Kneed-Biped with Ankles Model
The kneed-biped model designed by McGeer can continuously travel down a ramp
without actuation given proper initial conditions. McGeer has based this design off of
a straight-legged walker with rounded feet model he had created previously [16]. The
primary differences of the straight-legged walker with the kneed model are the locking
knee joints (a mechanical joint which locks when the swing leg is fully extended). The
path of this design has four phases:
1. Three-link chain motion (thigh and ankle chains locked)
2. Plastic knee locking collision
3. Two link chain motion
4. Plastic heel collision
The general cycle of the walker is depicted in Fig. 1.6.
McGeer had two goals for his knee jointed walker: he wished to make the walk-
ing device more anthropomorphic and to eliminate the need for an active control
to prevent foot scuffing, which reduced the energy efficiency of the straight-legged
model [16]. Foot scuffing is a significant challenge to overcome for straight-legged
walkers. If both legs of a biped are the same length, then at the midpoint of the
gait both legs come into contact with the ground. To make the robot more anthro-
pomorphic, the knees bend similarly to humans and the ankles terminate at the leg
joints. McGeer does not specifically state why he chose to have the legs bend in
the human-like direction (presumably to allow for the locking mechanism to function
passively without hyper-extension), but he does make the claim that the placement
9Fig. 1.6: Simulated motion of McGeer’s kneed-biped down a ramp at various stages of the periodic
gait, including knee lock and heel collisions. Image taken from [16].
(a) Paths followed by the thigh, shank, and
stance leg links while successfully completing
one step.
(b) The resulting torque at the knee joint and
the foot clearance during a step.
Fig. 1.7: Graphs of McGeer’s kneed-biped during one step of asymptotically stable, periodic walking
motion. Vertical axis is in radians, and the horizontal axis are non-dimensional time values. Images
taken from [16].
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of the center of curvature for the heel is beneficial to the design [16]. Not only does
this heel placement prevent foot scuffing, but McGeer found that it is the only way to
allow for passive locking of the knee joint without knee buckling. McGeer successfully
finds periodic motion for this model; the path of the moving angles during a cycle is
represented in Fig. 1.7a, and McGeer shows that the foot avoids scuffing in this cycle
in Fig. 1.7b.
McGeer found that not just one but several different periodic motions were pos-
sible for his kneed biped. The different cycles were the product of varying the initial
conditions and ramp angles, which resulted in unique stride lengths [16]. Most im-
portantly, McGeer examines the energy efficiency of this model and compares it to
that of the straight-legged model. The inherent design of the kneed-biped requires
energy losses not present in the straight-legged counterpart. The knees must lock,
and this collision dissipates energy from the system. Also, the forward motion re-
quired to allow the knees to lock necessitates larger speeds and thus greater impacts
at the time of heel collisions. However, McGeer comments that although the motion
of the knees creates larger energy losses in the numeric model, it is his experience
that these do not compare with the energy lost in active control of a biped to prevent
foot scuffing. In his previous straight-legged models, McGeer found that the energy
required in active control of the feet was about an order of magnitude greater than
the energy required for downhill motion [16].
Energy Losses in the Hopping Block and Kneed-Biped Models
One of the main differences in McGeer and Chatterjee et al.’s simulations are the
velocities at the time of impact, and how this discrepancy affects energy losses. In
McGeer’s design, he expects an impact, and therefore anticipates for some energy
loss. In fact impacts occurs twice in the model: once at the knee strike and again at
the heel strike. He compensates for this energy loss by having his model walk down
11
Fig. 1.8: Resulting motions of the impact mass according to various parameters at time of impact
for Chatterjee et al.’s model. Image taken from [15].
a: Negative velocity, resulting in simulated ground penetration
b: Positive acceleration, resulting in non-sustained ground contact
c: Negative acceleration, resulting in simulated ground penetration
d: Positive jerk, resulting in ground grazing (not fully sustained ground contact)
e: Negative jerk, allowing for sustained ground contact
a sloped ramp, and thereby regains energy through gravity potential restoration [16].
Chatterjee et al. do not design for any energy restitution, and therefore they
cannot allow their simulations to dissipate any energy with impact. Chatterjee et
al. searches for and finds the initial conditions of their numeric model such that the
velocity of the impact mass will be zero at time of impact. However, this assumption
alone is not enough to create a periodic model. If the acceleration of the impact mass
were positive (against gravity) the contact would not be sustained; if the acceleration
were negative it would require ground penetration; and thus for periodic motion,
acceleration must also be zero. Finally, in analyzing the possible scenarios at impact,
Chatterjee et al. discover that the jerk of the impact mass must be a negative, non-
zero value [15]. Chatterjee et al. show the resulting motion of the impact mass which
would result from various combinations of velocity, acceleration, and jerk parameters
at time of impact in Fig. 1.8.
In creating cyclical motion McGeer was less concerned with total system energy
conservation, as energy would be regained during each step. Thus, although he desired
for energy losses to be kept small, the system energy losses did not need to be held
to zero.
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Stability in McGeer and Chatterjee et al.’s Models.
Both McGeer and Chatterjee et al. determined the stability of their periodic models;
however, the natures of stability in the models are quite different. Chatterjee et al.
found that for each periodic motion of the impact block, an infinite number of periodic
paths existed for the free block, based on their initial velocity parameter of the free
mass: α˙. In determining the motion of the system, Chatterjee et al. found a small
bounded space for which initial conditions of α˙ may be larger than those prescribed
for cyclical motion and the path will still settle into a predictable, periodic routine.
Chatterjee et al. shows this in Fig. 1.9 using an iterated map. Although this region
is small, it is not infinitesimal. However, for initial conditions smaller than those for
which the model is described, the motion will diverge and get attracted to a different
cycle with larger periods of oscillation for the free block [15]. The type of stability
found in the hopping block model is referred to as half stable, or one-sided stable;
where conditions can either be larger or smaller than desired (but not both) and still
obtain periodic motion.
McGeer’s model does not look at perturbances of the initial condition, but rather
he examines small displacements to the path of the model during its cycle. McGeer
discovers that any small change of energy will result in the model returning to its
planned trajectory, often in one step depending on when the anomaly that takes
place. If larger energy losses occur, the model will likely settle into a different, larger
periodic path [16]. McGeer was able to determine the stability of his system by
linearizing the numeric model and then examining the eigenvalues of the Jacobian of
the system’s iterated map. He found that many of the periodic motions for the system
would exhibit asymptotically stable behaviors. An asymptotically stable system is
one where conditions can be either larger or smaller than desired within a bounded
area and the path will settle into its periodic routine. Both authors note that small
amounts of active energy input could greatly aid the stability of their models [15] [16].
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Fig. 1.9: One sided stability of Chatterjee et al.’s hopping block model shown on an iterated map.
Graph b is a portion of graph a enlarged about 300 times and shows the region for which initial
conditions are stable. Image taken from [15].
Comparison to the ICR Wheel
Although McGeer and Chatterjee et al.’s models vary greatly in design from the ICR
wheel, each of them exhibits behavior that the ICR wheel will attempt to emulate.
In Gomes’ thesis, he comes to similar conclusions as Chatterjee et al. as to the con-
ditions of the state of the impact foot to allow for periodic motion of the ICR wheel
over level ground [11]. The essential design of Gomes’ ICR wheel is a system that
used Chatterjee et al.’s mass-spring system to achieve energy efficiency. Instead of
two blocks connected by a single spring, the ICR wheel has a polygonal frame con-
nected at the center of mass to an inertia device and coupled by a torsional spring.
The oscillations of the inertia device causes forward periodic movement of the outer
frame. Also, the motion of the ICR wheel down a ramp exhibits behavior surprisingly
similar to that of McGeer’s kneed-biped. The ramp destroys the symmetry argument
that Gomes’ uses to define continuous periodic motion over level ground, but the
energy recuperation of the slope accounts for the energy lost in impact, allowing for
continuous periodic motion of a passive ICR wheel down a ramp. More can be said
about the nature of this periodic motion over level ground by examining the path of
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other models also designed to traverse level ground with energy efficiency.
1.3.2 Passive Transport Over Level Ground
Gomes and Ruina successively create robotic simulations that can passively travel
over level surfaces without energy losses. In “Walking Model with No Energy Cost”,
Gomes and Ruina model, in simulation, a bipedal walking robot that has a link
representing a torso and two legs coupled to the torso by torsional springs [18], and in
Gomes’ thesis he expands upon the design defined in this paper, shown in Fig. 1.10. In
“A Five-Link 2D Brachiating Ape Model with Life-Like Zero-Energy-Cost Motions”,
Gomes and Ruina numerically model the motion of a gibbon swinging on the ceiling
using: a point mass, a rigid body, two linked chains and point mass torso, three linked
chains, and five linked chains [11]. In each of these designs, for the walking robot
and all the iterations of the gibbon model, collisions were considered to be perfectly
plastic, energy dissipative frictions were neglected, and collisionless periodic motions
were found for each model [18] [11].
Gomes and Ruina’s Walking Robot Model
To determine if collisionless motion is possible for their models, Gomes and Ruina
stringently examine the conditions necessary for periodic motion. For the walking
robot, Gomes and Ruina are only concerned with paths that exclusively consist of
a “single stance” phase, that is to say that one leg is on contact with the ground
at all times and the length of time that both legs are in contact with the ground is
infinitesimal. A major tool that this model and the gibbon models use is the concept
of symmetric paths [18]. Gomes’ expands more on this idea in his thesis, claiming that
a search for initial conditions that will result in collisionless motion can be simplified
to a search that will create exact symmetry at the midpoint in the stride. Then,
by reversing time from the midpoint of the stance back to the initial conditions, the
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Fig. 1.10: Gomes and Ruina’s design for an upright walking robot. Image taken from [18].
Fig. 1.11: Geometric representation of the symmetry argument used in Gomes and Ruina’s walking
robot model. The top line demonstrates the robot starting at initial conditions and ending at mid-
stance in a symmetric position. The bottom line shows the same motion reflected and then the path
is reversed through time, resulting in a mirrored image of the initial conditions. Because the start
of the robot is non-symmetric, the robot ends in a different position than it started; therefore to
have continuous, periodic motion over multiple steps, the robot must begin in a symmetric position
as well. Image taken from [18].
model is guaranteed to finish as a reflected version of its start. However, this will only
guarantee one collisionless cycle, to create continuous periodic motion the torso must
be upright at the time of the initial conditions, so as to finish in the same position and
allow for the symmetry to be unbroken amongst multiple steps [19]. Gomes pictorially
represents this concept in Fig. 1.11 and numerically demonstrates the validity of the
argument in Fig. 1.12.
Gomes and Ruina found that periodic motion does exist for the walking robot
design, and thus they conclude that the only necessary energy costs in level-ground
walking for their model are caused by non-ideal effects such as friction and air drag. A
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Fig. 1.12: The path of variable angles in Gomes and Ruina’s walking robot model. The trajectories
of these angles during a step illustrates the symmetry argument. Image taken from [18].
surprising feature that Gomes and Ruina discuss is the amount of body oscillations in
the model. They found that these movements were necessary to prevent the object’s
legs from falling through the ground, which would not matter in a numeric model but
would have real-world consequences [18].
Gomes and Ruina’s Swinging Gibbon Model
The basic gibbon design is extremely similar to the walking robot model, and Gomes
and Ruina draw similar conclusions from both systems. The gibbon model has many
different designs using various combinations of links and point masses, as well as dif-
ferent behaviors related to continuous ceiling contact or free flying paths. In all cases,
the motions were numerically modeled and relied on a similar symmetry argument as
seen in the walking robot case: if the model is perfectly symmetrical about mid-swing
and the system begins in a geometrically symmetric position, then the model will end
with a plastic collision that does not dissipate energy [11]. Since the stance foot be-
gins the periodic path with zero velocity, symmetry will guarantee that the swing foot
will make contact with the support structure with zero relative velocity. An example
of Gomes and Ruina’s gibbon model with three links can be seen in Fig. 1.13, and its
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Fig. 1.13: Diagram of a Three Linked Gibbon model. Image taken from [11].
Fig. 1.14: Symmetric path of Gomes and Ruina’s three linked gibbon model. Image taken from [11].
symmetric path is shown in Fig. 1.14.
Amazingly, as well as finding periodic motion for each of the designs, Gomes and
Ruina remark on the similarities between the trajectories of the models and the real
life behavior of gibbons [11]. Just as McGeer was able to find bipedal, energy efficient
motion that was anthropomorphic, Gomes and Ruina have found energy efficient
motion replicating those of apes, upholding the strong belief held by those that strive
to design efficient walkers that nature itself creates energy efficient motion [19].
Stability and Energy Requirements in the Gibbon and Walking Robot Models
Both the walking robot and the gibbon design that Gomes and Ruina numerically
model have periodic motion over horizontal supports, both rely on plastic collisions
that occur at zero velocity and negligible non-ideal energy losses, and neither model
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is asymptotically stable [18] [11]. Unlike the McGeer model, no form of energy input
into the system exists; level ground denies the possibility of recapturing passive grav-
itational energy. Therefore, any loss of energy in these models will force the cycles
off of their periodic paths without chance of regaining their original motion. Gomes
and Ruina do not go into depth on the stability of either model other than to say
that the motions cannot be asymptotically stable.
Gomes and Ruina have made major assumptions in both of their models. For
the walking robot, it is assumed that the energy to prevent foot scuffing is negligi-
ble [18]; which is possible with various methods ranging from specifically designed
landscapes to active foot lifting mechanisms. In the gibbon model, they assume that
the metabolic energy of a gibbon or mechanical energy of a physical model would
be negligible to maintain grip with the ceiling [11]. Although it may be true that
the energy requirements in both cases are small, McGeer found in his prototype that
the energy in avoiding foot scuffing using actively powered techniques is not negli-
gible compared to the overall energy requirements of the system [16]. Considering
that both the gibbon and walking robot models require no energy inputs in simula-
tion, having to add any energy to the system that would not be used to overcome
dissipative forces would not be ideal, and a model that can avoid the foot scuffing
issue would be preferred. Luckily, the natural motion of the ICR wheel allays these
problems, and as Gomes shows in great detail in his thesis, an ICR wheel may use
the same symmetry arguments that the gibbon and walking robot models rely upon
without having to worry about energy losses required to avoid scuffing or maintaining
contact with the support.
1.3.3 The Rimless Wheel
Many rimless wheel designs have been shown by others to have periodic paths while
remaining energy efficient. The underlying physics of a simple rimless wheel model
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Fig. 1.15: Asano’s simple rimless wheel model on a ramp. Image taken from [20].
moving down a ramp are extremely similar to the principles demonstrated by McGeer.
The wheel loses energy due to perfectly inelastic collisions with the ground, but this
energy is recovered by gravity potential differences. Asano has shown that an ideal
slope exists for which any simple rimless wheel design is capable of periodic motion
given a sufficient initial velocity condition [20]. Asano goes into great detail underlying
the validity of this claim in his paper “Stability Principle Underlying passive Dynamic
Walking of Rimless Wheel” [20]. Asano then takes advantages of these principles and
applies them to a telescoping rimless wheel in his paper “Dynamic Gait Generation
of Telescopic-legged Rimless Wheel Based on Asymmetric Impact Posture”, which
focuses on a telescoping legged rimless wheel design that uses active energy inputs
to alter the spoke length of the wheel based on a set of controls [21]. Gomes takes a
different route in developing the ICR wheel. Unlike many other rimless wheel models,
the ICR wheel was designed to traverse level ground, as the path takes advantage of
collisionless walking to assure energy efficiency.
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The Simple Rimless Wheel Model
A simple rimless wheel traveling down a ramp, shown in Fig. 1.15, will always have
asymptotic stability given the correct initial conditions [20]. Asano proves this by
showing that the simple rimless wheel design automatically satisfies two essential
criteria: the stance at impact is the same for each consecutive step and the restored
mechanical energy is constant [20]. The model Asano uses is depicted in Fig. 1.15.
Similar to Gomes and Ruina’s walking robot model, Asano’s analysis also assumes
that only one leg is in contact with the ground for any finite length of time and non-
ideal losses, due to dissipative forces such as air resistance and elastic deformation
of the wheel, are negligible. Indeed, the only energy losses come from the plastic
collisions with the ground, the magnitude of which Asano details in Eqns. 1.4, 1.5,
and 1.6, where K−i represents the kinetic energy in the system immediately before a
collision, K−i+1 represents the kinetic energy in the system immediately prior to the
subsequent collision, and ∆E is the restored energy due to gravity. If the simple
rimless wheel takes enough steps, Asano asserts that the kinetic energy difference will
converge to K−eq represented by Eqn. 1.7 [20].
K−i+1 = εK
−
i + ∆E (1.4)
ε = cos(α)2 (1.5)
∆E = 2mgl sin(
α
2
) sinφ (1.6)
K−eq = lim
i→∞
K−i =
∆E
1− ε (1.7)
Eqn. 1.7 satisfies Asano’s claim that the restored mechanical energy of the system
is constant. The other criteria for periodic motion, that the stance at impact is
the same for each consecutive step, is satisfied automatically by the fixed geometry
(specifically the angle α as represented in Asano’s model for the simple rimless wheel,
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Fig. 1.16: Asano’s comparison of the solutions to the linearized and non-linear system paths, where
X[m] represents the horizontal position and Z[m] is the height of the center of mass relative to the
ground, where leg contact with the ground is the originF. The graph shows that the linearized model
is extremely close to the numeric simulation. Image taken from [20].
shown in Fig. 1.15). Asano combines his knowledge of a constant angle α with Eqn. 1.7
to assert the relationship of the angular velocity about the point of impact before and
after a collision, shown in Eqn. 1.8.
∆θ˙+i = cos(α)∆θ˙
−
i (1.8)
An easily overlooked assumption that Asano proves is the validity of using lin-
earized models in describing the motion of the simple rimless wheel. To demonstrate
the accuracy of linearized models, Asano analytically calculates the linearized path
of the rimless wheel and compares it to the exact path the center of the wheel fol-
lows. Fig. 1.16 shows the results of this comparison and demonstrates that the linear
simulations are an acceptable approximation except on the extreme boundaries of
the simple rimless wheel’s path and an extremely accurate representation at all other
times [20].
Asano’s Telescoping Rimless Wheel Model
Asano’s telescoping wheel, shown in Fig. 1.17, uses the principles Asano specified in
his work on simple rimless wheel models and extends these ideas into an actively
controlled model that can traverse level and even inclined ground [21]. In Asano’s
numerically integrated analysis, the impact leg length is fixed while the stance leg ex-
tends. The motions which define Asano’s telescoping model are depicted in Eqn. 1.12.
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Fig. 1.17: Asano’s telescoping rimless wheel design mid-stride on level ground. Image taken from [21].
Where q, M(q), and h(q, q˙) are represented in Eqns. 1.9, 1.10, and 1.11 respectively,
and u is defined as the direction along the length of the stance leg towards the center
of mass.
q =
[
θ l
]T
(1.9)
M(q) =
Ml2 0
0 M
 (1.10)
h(q, q˙) =
2Mll˙θ˙ −Mlg sin(θ)
−Mlθ˙2 +Mg cos(θ)
 (1.11)
M(q)q¨ + h(q, q˙) = Su =
0
1
 u (1.12)
Furthermore, Asano defines the instantaneous change in θ and l immediately fol-
lowing a collision in Eqns. 1.13 and 1.14. Where θ+ and l+ are the angle between
the stance leg and the ground and the length of the leg just after a collision, θ− is the
23
angle immediately before a collision, l0 is the un-extended length of each leg, and α
is the fixed angle between legs, as depicted in Fig. 1.17.
θ+ = θ− − α (1.13)
l+ = l0 (1.14)
Asano also calculates the energy loss at impact for each step and finds it to be:
K−i+1 = εK
−
i + ∆E, which is the same amount of dissipative energy per step as
the simple rimless wheel model traveling down an ideal slope [20]. Knowing this,
Asano concludes that the periodic motion is guaranteed to be asymptotically stable.
Furthermore, Asano finds that the ideal length of the stance leg at time of impact
to be: l1 =
l0
cos(α)
, which would achieve an impact posture in the shape of a right
triangle [21]. An example of an asymmetric impact stance, although not the ideal
right triangle stance, is demonstrated in Fig. 1.18. The efficiency of the simulation
under ideal conditions is governed by Eqn. 1.15. Asano defines SR as the specific
resistance of the system which is determined by the amount of energy needed per unit
length of distance traveled and per unit mass of the system. For Asano’s simulations,
the minimum specific resistance found was about 0.07.
SR ≤ ∆E
Mg∆Xg
(1.15)
One of the major triumphs of the telescoping rimless wheel design is the elimi-
nation of initial momentum to achieve periodic motion. In many passive and active
walking designs, it is necessary for a system on level or inclined ground to have an
initial velocity component to overcome the potential energy barrier imposed by grav-
ity [21]. Asano’s model naturally eliminates this problem by virtue of the telescoping
design.
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Fig. 1.18: An example of an asymmetric impact posture of Asano’s telescoping rimless wheel. In
this example, only two legs are shown. To create the ideal right triangle scenario, θ+ would have to
equal zero. Image taken from [21].
Gomes’ Inertia Coupled Rimless Wheel Model
Gomes’ Inertia Coupled Rimless Wheel model, shown in Fig. 1.19, is purely passive,
does not use any energy restoration method, and yet is able to traverse level ground
with periodic motion in numeric simulation. Like Chatterjee et al.’s hopping blocks,
Gomes attempts to create a model where the collision foot hits the ground with zero
velocity; ensuring that no energy is lost from the system into the ground, and that
the model can continue walking without active energy considerations [19]. The basic
model Gomes’ uses is depicted in Fig. 1.19. Gomes comes to the same conclusion
as Chatterjee et al. as to the state of the impact foot, in that it must have zero
velocity and acceleration as well as negative jerk at time of ground contact. The
non dimensional equations of motion for the wheel during a step are represented in
Eqns. 1.19 and 1.20, where the non-dimensional parameters κ, Rt, and Rl are defined
in Eqns. 1.16, 1.17, and 1.18 respectively. Also, derivatives are defined as (′) = d()
dτ
,
and τ is the non-dimensional time equation τ = t√
l/g
. The free body diagram for the
ICR model during the single stance phase is shown in Fig. 1.20.
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Fig. 1.19: Gomes’ Inertia Coupled Rimless wheel model during a step with system variables labeled.
Image taken from [19].
κ =
k
(ml +mt)gl
(1.16)
Rt =
√
It/cm
(ml +mt)l2
(1.17)
Rl =
√
Il/cm
(ml +mt)l2
(1.18)
− cos(θ) + κ(φ− θ) = (R2l + 1)θ′′ (1.19)
−κ(φ− θ) = R2tφ′′ (1.20)
Gomes uses a similar symmetry argument that he and Ruina discuss in the gibbon
and walking robot models to find periodic motion for the ICR wheel [19]. Unlike the
gibbon, walking robot, simple rimless wheel design, and telescoping wheel design, the
ICR wheel has one property that none of the afore mentioned models possess: the
condition of the double stance. The ICR wheel is the only model examined that allows
for a double stance phase of motion, where a finite amount of time exists in which both
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Fig. 1.20: Free body diagram of Gomes’ Inertia Coupled Rimless wheel model during a step. Image
taken from [19].
feet are simultaneously in contact with the ground while the internal inertial device is
allowed to spin. This double stance phase is analogous to the ground contact phase of
motion seen in Chatterjee et al.’s hopping block model. As mentioned for the hopping
block simulation, the oscillations of a free block coupled by a spring would cause the
a block in contact with the ground to lift off. After impact, the contact mass would
remain on the ground for a finite length of time while the free block oscillated. So
long as the proper conditions were met, the hopping block would continue indefinitely
in this periodic motion. The ICR wheel is extremely similar, except now the motion
is in two dimensions and the block is not hopping, but rather an inertia device is
rotating about the center of mass, causing oscillations of the frame. As was true with
the hopping block model, so long as the proper conditions are met, Gomes concluded
that the ICR wheel is also capable of continuous, periodic motion [19]. An example of
Gomes’ simulated results that demonstrate the symmetry argument with the double
stance phase are shown in Fig. 1.21.
Comparison of the Rimless Wheel Models
The major difference between Asano’s telescoping rimless wheel and Gomes’ ICR
wheel is the means by which energy is applied to the system and how this affects the
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Fig. 1.21: Simulated path for a four legged EBR wheel model with a collisionless impact. The
motion demonstrates the symmetry argument described in Section 1.3.3 and includes the double
stance phase, where both feet have extended contact with the ground and the wheel is free to spin.
The * shows the symmetric position of the model. Image taken from [19].
stability of the systems. In Asano’s model, the system uses active controls to propel
the system forward. The energy requirements for these controls is extremely small,
and like the McGeer biped, a system of energy recuperation allows for the model to
overcome energy losses due to impact or minor perturbances. In the McGeer case, the
energy input was passive gravity, but the same principle applies to Asano’s telescop-
ing wheel with active energy input. The ICR wheel shares the same fate as Chatterjee
et al.’s hopping block in that the model has no means of regaining energy lost due to
small perturbations in the system; the motion must be perfectly collisionless. Asano’s
telescoping rimless wheel relies on principles of the simple rimless wheel moving down
a ramp, requiring energy input on level ground to create an equatable set of circum-
stances [21]. Gomes’ ICR wheel takes the principles of Chatterjee et al.’s models that
use one dimensional motion and applies them to a forward moving, two dimensional
system. The benefits of Gomes’ system are obvious: even though Asano’s system uses
very little energy under proper settings, the ICR wheel requires no external energy
under the same set of ideal conditions.
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1.3.4 Active Walkers Based on Energy Efficient Models
Any practical walking design is going to require an energy source. Even Gomes’ ICR
wheel, although energy conservative in numeric models, will lose energy in physical
systems due to forces such as air resistance and will therefore need some sort of energy
recuperation. However, the possible ways of introducing energy into the system are
potentially limitless. Banno et al. [22] and Ozawa and Kojima [23] explore different
systems of energy recuperation for bipedal walking models.
Banno et al.’s Actuating Kneed-Biped
Banno et al. describe their successful experimentation in creating a prototype of a
compass-gait walker with actuating knees, shown in Fig. 1.22. One of the driving
assumptions behind the model was that the pumping leg action of a kneed-walker
will have the same forward motion effect as parametric excitation (an oscillating mass
participating in forward motion) [22]. Banno et al. considered knees as an advantage
over telescoping legs, such as those demonstrated by Asano in his numeric telescoping
wheel design [21], because of the mechanical ease of control of knee actuation using
servo motors [22]. No other active control is in Banno et al.’s kneed biped design,
and the device does not have any active ground sensing [22].
To show that the design is feasible, Banno et al. complete numeric simulations of
the model based on the physical parameters. They found that inverse knee bending
with centered, semi-circular ankles resulted in higher energy efficiency than forward
knee bending (as exhibited by humans). Their design conclusions are fundamentally
different from McGeer’s findings, but McGeer derived his model without actuating
knees or direct control. The motion of Banno et al.’s model is comprised completely of
a single stance support phase with double stance phase taking place instantaneously.
To take the place of ground sensing, the periodic gait was found numerically, which
allowed for the timing of the knee swinging to be pre-determined within the gait. The
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Fig. 1.22: Banno et al.’s experimental compass-walker robot with actuating knees. Image taken
from [22].
Fig. 1.23: Banno et al.’s experimental compass-walker robot with actuating knees traversing level
ground. The walking direction in this image is from right to left. Image taken from [22].
experimental model used counterweights on the outer leg supports to increase overall
efficiency and was performed on a surface designed to dampen vibration, prevent
slipping, and absorb energy shock; essentially creating the inelastic collisions used in
their numeric models [22].
Accelerometers, angle sensors, gyroscopes, as well as digital imaging capturing
were used to measure the experimental results so that the path could be compared
against the simulated model. Eventually, the robot was successful in taking seventeen
steps, and the sensors indicated that the path matched the predicted trajectory of
the numeric model, although the step size was smaller than predicted due to friction
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(a) Comparison of the relative knee angle
over time for the numeric simulation and the
experimental model.
(b) Comparison of the relative angular posi-
tion for the numeric simulation and the ex-
perimental model.
Fig. 1.24: Banno et al.’s kneed walking robot results. Images taken from [22].
in the system [22]. The comparison of the knee angle over time for the experimental
model and numeric simulation is shown in Fig. 1.24a; the comparison of angular
position of the kneed biped over time for the numeric and experimental models are
shown in Fig. 1.24b.
Ozawa and Kojima’s Virtual Gravity Compass Model
Ozawa and Kojima detail their numeric simulation of an actuating biped with con-
trols, as shown in Fig. 1.25. A major assumption that the model relies on is that
for every passive, compass model an ideal slope exists for which periodic motion
is possible. This assumption uses conditions similar to those developed by Asano
in his demonstration of simple rimless wheel periodic motion [20]. To conserve en-
ergy, Ozawa and Kojima specifically avoid using ankle actuation in their model: they
wanted to keep the pivot functionality and prevent adding additional mass loads to
the base of the feet. Knowing the ideal slope for their compass walker, Ozawa and
Kojima are able to adapt their numeric model to have periodic motion on non-ideal
slopes by means of applied torque at the hip joint, using a system that they call a
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Fig. 1.25: Ozawa and Kojima’s compass walker with simulated gravity. In this example, α represents
the slope of the ramp, gˆdes represents the desired direction of gravity for the ideal slope, and β is
the angle between the perpendicular direction of actual gravity and the desired gravity component.
Image taken from [23].
virtual gravity component. To achieve periodic motion on non-ideal slopes, the con-
troller applies a torque at the hip joint such that the balance of forces is equivalent
to a passive system traveling down an ideal slope [23].
One of the major benefits of this system is the simplicity of the control; whatever
the slope of the ground, downward, level, or inclined, the system is able to measure
the swing of the leg, and with knowledge of the ideal slope of the biped, use actuation
to provide power to the swing leg to create conditions of the ideal slope, as seen in
Fig. 1.25. The efficiency of the control system is determined by comparing the passive
energy input by gravity on an ideal slope compared to the required active control on
level ground. Ozawa and Kojima discover that the motions are very similar, and
thus claim that their controller is nearly as efficient as a passive compass walking
down an ideal slope [23], but they do not quantify exactly how much more energy is
required in their designs. Using the known energy requirements, Ozawa and Kojima
were successfully able to control the simulation of both models on non-ideal slopes
with stability [23].
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1.3.5 Literature Review Models
The following table briefly examines the various types of models listed in this Chapter
and compares them. None of these models take non-conservative frictional forces into
consideration.
Design Author Transport Energy Source
Hopping Block Chatterjee et al. Hopping None
Kneed Biped with Ankles McGeer Slanted Ground Gravity
Walking Robot Model Gomes and Ruina Level Ground None
Gibbon Model Gomes and Ruina Level Ceiling None
Simles Rimless Wheel Asanao Slanted Ground Gravity
Telescoping Rimless Wheel Asano Level Ground Actuated Legs
ICR Wheel Gomes Level Ground None
Actuated Kneed-Biped Banno et al. Level Ground Actuated Knees
Virtual Gravity Compass Ozawa and Kojima Level Ground Actuated Legs
1.3.6 Creating Energy Efficient Walking
Energy efficient walking across level ground is certainly possible. Asano and Gomes
in their respective articles have shown with numeric simulations that a rimless wheel
design can traverse level ground with minimal energy cost. The challenge lies in
applying these numeric models to a physical system that is able to replicate periodic
motion to achieve energy efficiency. Banno et al. were successful in using servo motors
to actuate a compass model similar to McGeer’s design, and their system achieved
seventeen steps [22]. However, Banno et al.’s model was not encumbered by the
desire for high energy efficiency, and the effects of energy losses were observed in
their physical model. Ozawa and Kojima have shown that the principles of downhill
motion can be applied to level ground with comparable energy efficiency, but the
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artificial gravity that they can easily implement to avail their numeric model would
be difficult to incorporate into a physical rimless wheel design. Asano attempts to
employ a concept similar to that of artificial gravity with his telescoping wheel design,
substituting a swinging leg with an extending leg, but Banno et al. comment on the
challenges of creating a physical design with telescoping parameters [22]. Asano,
Banno et al. and Ozawa and Kojima’s models all rely on applying principles of
downhill motion to level ground walkers. Of these models, only Gomes’ ICR wheel is
specifically designed for level ground motion; indeed, as seen in Chapter 2, the passive
ICR wheel design performs the most energy efficiently when traversing level ground.
Therefore, creating a system of energy recuperation to the ICR wheel model would
likely result an extremely energy efficient level ground “walking” robot.
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Chapter 2
Passive ICR Wheel
Only the very basics of how the Inertia Coupled Rimless wheel behaves has previously
been studied. As seen in Section 1.3, in simulated conditions the ICR wheel is capable
of continuous, periodic, and collisionless level ground transport [19]. However, simply
understanding that the system is capable of periodic motion on level ground is not
sufficient. A more inclusive study of how the system behaves must also examine
the system in non-periodic motion. Similarly, PDW systems commonly use slanted
ground for their motion, and it would benefit the understanding of the system to
examine the ICR wheel under these conditions as well. Only once the most idealized
ICR wheel model is understood can more complicated models be examined.
2.1 Level Ground Model
Gomes and Ruina have shown that a passive biped model is capable of level ground
walking [18]. However, at all times their walking model has at least three degrees of
freedom. Constructing and testing a physical prototype of their system which demon-
strates collisionless motion would be difficult. Even a compass walker, an extremely
simple model which can be designed with spring energy recuperation methods [24], is
inherently difficult to test and control. A successful, three dimensional prototype of
any biped typically requires dynamic considerations beyond a two dimensional plane
[25].
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Fig. 2.1: General ICR wheel model.
The Inertial Coupled Rimless (ICR) wheel is an extension of the simple rimless
wheel model that adds a torsional spring and an inertia device to the typical simple
rimless wheel design. The Inertia Coupled Rimless (ICR) wheel, depicted in Fig. 2.1,
has three primary components: an outer frame, an inertia device, and a torsional
spring. At most the system has four degrees of freedom, but a certain times during
the motion will have as few as one degree of freedom. The outer frame is a regular
polygon which is connected to the inertia device by a frictionless pin joint and coupled
by the torsional spring. The motion of the device is constrained to two dimensions.
The frame and inertia device have identical center of mass locations, at the geometric
center of their bodies.
2.1.1 General Phases of Motion
The device has four essential stages of motion: double stance, lift off, single stance,
and touch down [19], depicted in Fig. 2.2. For convenience, the start of the motion
is considered to be half-way through the double stance phase, when the angular
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Single Stance
Double Stance Lift O
Touch Down
Fig. 2.2: General phases of motion of the ICR wheel.
position of the inertia device is zero relative to the frame. At this point in the
motion, midway through double stance, only a single initial condition is required: the
rotational velocity of the inertia device (θ˙0). The method for deriving the equations
of motion are detailed in Appendix B.
2.1.2 Double Stance
Unlike most passive dynamic walking models (PDW), the ICR wheel has a double
stance phase [19]. Many standard PDW models assume that the stance foot imme-
diately leaves the ground when the swing foot strikes [21] [19] [16]. The single-stance
only assumption is required to determine the post-collision impact velocities of the
links. The inclusion of the double stance phase drastically changes the dynamics of
the ICR wheel system.
During the double stance phase, the center of mass of both the frame and inertia
37
pivot foot
kt
Llift foot
touch down
 footθ
β
Fig. 2.3: Five legged ICR wheel system diagram. L is the length from the pivot foot to the center
of mass; kt is the torsional spring constant; β is the angle from ground to the center of mass; and θ
is the relative angle of the inertia device to the frame.
device are stationary. The system has only two degree of freedom at this time: the
angular position and velocity of the inertia device. The general equations of motion
for the system during this phase are represented in Eqns. 2.1 and 2.2.
β¨ = 0 (2.1)
θ¨ = −ktθ
Iw
(2.2)
2.1.3 Lift Off
A frictionless contact between the lift foot and the ground is assumed in order to cal-
culate the reaction force between the lift foot and the ground. Given this assumption,
lift off occurs when the ground reaction force on the lift foot reaches zero. At this
moment, the device transitions to the single stance phase. The angle of the inertia
device that will cause lift off, θL, is shown in Eqn. 2.3; where, β0 is the constant
angle of the center of mass to the ground during double stance.
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θL =
Lmtg
kt
cos(β0) (2.3)
2.1.4 Single Stance
During the single-stance phase, the pivot foot is assumed to be coupled to the ground
via a frictionless pivot, preventing the pivot foot from translating. The free body
diagram for the system is shown in Figs. 2.4 and 2.5, and the general equations of
motion are given in Eqns. 2.4 and 2.5. The single stance phase will end when the
touch down foot makes contact with the ground.
β¨ =
1
Io
(ktθ − Lmtg cos(β)) (2.4)
θ¨ = − 1
Io
((
1 +
Io
Iw
)
ktθ − Lmtg cos(β)
)
(2.5)
2.1.5 Touch Down
When the touch down foot reaches the ground, an impact occurs. The impact is
assumed to be perfectly plastic, and, since a double-stance phase is assumed, the
absolute angular velocity of the frame is immediately brought to zero [19]. For PDW
systems without a double stance phase, the velocities of other links would also be
brought to a halt due to the impact. However, for the ICR wheel system, since the
inertia device’s center of mass location is at the frictionless pivot point, the impact
has no effect on the angular velocity of the inertia device. The touch down phase will
occur when the angular position of the frame, β, satisfies the conditions detailed in
Eqn. 2.6.
β =
pi
n
+
pi
2
(2.6)
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Mw
mf g
Fig. 2.4: Free body diagram of a five-legged frame on level ground during single stance. Fy and Fx
are the reaction forces of the wheel on the frame; M is the torsional force of the spring; Ry and Rx
are the reaction forces about the pivot foot; and Wf is the weight of the frame.
Wy
Wx
Mw
mwg
Fig. 2.5: Free body diagram of the inertia device on level ground during single stance. Fy and Fx
are the reaction forces of the wheel on the frame; M is the torsional force of the spring; and Ww is
the weight of the inertia device.
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Parameter Value
n 5
L 0.5 m
kt 2
Nm
rad
g 9.8 m
s2
mf 1 kg
mw 0.5 kg
If 0.1 kg ·m2
Iw 0.05 kg ·m2
θ0 0 rad
θ˙0 29.6032
rad
sec
β0 1.0297 rad
β˙0 0
rad
sec
Table 2.1: Table of values used in simulation for a level ground system (2.1.6).
2.1.6 Level Ground Results
Simulated Phases of Motion
Using the values in Table 2.1, a simulation using a Runge-Kutta forward integration
technique was used to generate the paths of motion for an ICR wheel on level ground;
this method is discussed further in Section 2.3. The progression of the state variables
based on the initial conditions can be seen in Figs. 2.6, 2.7, 2.8, 2.9, with the system
energy detailed in Fig. 2.10. The annotations in these figures correspond with the
illustrated diagram, Fig. 2.11. The motion seen in these figures are both periodic and
collisionless. Simulating periodic and collisionless motion in an ICR wheel system on
level ground matches the results found by Gomes [19]
Level Ground Stability
Gomes has shown previously that an ICR wheel under ideal conditions is capable of
level ground transport that is both periodic and collisionless [19]. Little else about
the system has been previously studied. However, the system can be shown to have a
region of half stability near the point of periodic motion on level ground. An iterated
map detailing this behavior is shown in Fig. 2.12. Initial conditions are considered
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Fig. 2.6: Angular position of the frame over time for periodic motion on level ground. The annota-
tions correspond to the position of the system as seen in Fig. 2.11.
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Fig. 2.7: Frame angular position over time for periodic motion on level ground. The annotations
correspond to the position of the system as seen in Fig. 2.11.
42
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−5
−4
−3
−2
−1
0
1
2
3
4
5
Time [sec]
In
er
tia
 D
ev
ice
 A
ng
ul
ar
 Po
sit
io
n 
[ra
d]
a
h
g
f
e
d
c
b
i
Fig. 2.8: Angular position of the inertia device relative to the angular position of the frame over
time for a system in periodic motion. The annotations correspond to the position of the system as
seen in Fig. 2.11.
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Fig. 2.9: Inertia device angular velocity relative to the angular velocity of the frame over time for
a system in periodic motion. The annotations correspond to the position of the system as seen in
Fig. 2.11.
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Fig. 2.10: Total system energy of the ICR wheel over time for an arbitrary system in periodic motion.
An ICR wheel system in periodic motion will not lose energy during its cycle. The annotations
correspond to the position of the system as seen in Fig. 2.11.
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Fig. 2.11: Detailed position of the ICR wheel over time in periodic motion, using the parameters
seen in Table 2.1. The dotted line ( · · · ) represents the angular position of the wheel and the dashed
line (−) represents the angular position of the frame.
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Simulation Results
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Fig. 2.12: Iterated map showing stability of the ICR wheel system. The Iterated Data was numeri-
cally generated based on the equations of motion and parameters listed in Table 2.1. The cycle will
by periodic where the “Simulation Results” crosses or meets the “45 Degree Line”.
to be half-way through double stance, when the rotational position of the inertia
device is zero relative to the frame. At this point, the only independent state variable
is the rotational velocity of the inertia device. The iterated map was generated by
simulating the values in Table 2.1, with a variable initial rotational velocity. For
each initial rotational velocity simulated, the final rotational velocity at the end of
the cycle was evaluated. If the potential energy of the system during double stance
is considered to be zero, the energy in the system and the square of the rotational
velocity midway through double stance are proportional. Therefore, the iterated map
shown in Fig. 2.12 also gives information on the energy in the system during the cycle.
Using midway through double stance as a starting and ending point, a one di-
mensional iterated map can be generated. The iterated map in Fig. 2.12 shows four
possible scenarios that the system can exhibit near its region of stability.
1. Initial and end rotational velocities of the inertia device are exactly
the same. If the system ends with the same conditions as it began with, the
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Fig. 2.13: Close up of the iterated map seen in Fig. 2.12.
system must be periodic. In order for the system to begin and end with the
same conditions in a system without energy input, energy must be conserved,
and thus energy was not lost due to collisions. For periodic motion to exist, the
ICR wheel must undergo a collisionless impact. This periodic motion is shown
in Fig. 2.11; Figs. 2.6, 2.7, 2.8, and 2.9 shows the state variables during periodic
motion.
2. Initial rotational velocity of the inertia device is less than what is
required for periodic motion. If this is the case, the path of motion of the
system will not be symmetric and a collision will take place. If energy is lost,
the energy of the system will never be enough to have symmetric motion and
will eventually fail to continue walking.
3. Initial rotational velocity of the inertia device is slightly greater than
what is required for periodic motion. Unless the motion is periodic, the
system will experience a collision which will dissipate energy. However, the
iterated map in Fig. 2.13 shows that there is a region of half stability for the
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system. As the device collides with the ground, it loses energy and the end
rotational velocity of the wheel is less than the initial. As this occurs, the end
rotational velocity of the inertia device is getting closer and closer to the initial
rotational velocity required for periodic motion. The energy lost from the system
pushes the motion onto a periodic path. After a number of steps, the motion
will become periodic.
4. Initial rotational velocity of the inertia device is significantly greater
than what is required for periodic motion. If the velocity of the inertia
device is great enough, the resulting collision will cause too much energy to be
lost from the system. This collision will create an end rotational velocity lower
than what is required for periodic motion. At the next step, the system will
already have lost too much energy and will never be periodic; eventually the
system will fail to continue walking.
2.2 Ramp Model
Most passive dynamic walkers will lose energy from collisions during their cycles.
Without an external source of energy, they cannot walk on level ground. However,
an extremely simple way of putting energy back into a PDW model is to have the
system walk down a ramp. The gravity potential differences between steps can supply
a PDW system with energy it needs to walk continuously. Although in section 2.1
it was shown that the ICR wheel is capable of level ground walking, it is prudent
to examine how the system behaves when walking down a slope. The angle γ is the
angle of the slope, as seen in Fig. 2.14.
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g
Υ
Fig. 2.14: ICR wheel on slanted ground; showing the angle γ as the angle of the ramp relative to
the horizontal..
2.2.1 Phases of Motion
The phases of motion for the ICR wheel on a ramp are extremely similar to the
system on level ground, as seen in Section 2.1. The only changes to the equations of
motion of the system are the conditions of lift off and touch down. Since the system
is now on a slant, the lift off phase will occur as detailed in Eqn. 2.7. The touch down
phase will take place when the geometric constraints have shown that the system has
completed a full step.
θL =
Lmtg
kt
cos(β0 + γ) (2.7)
How the state variables behave in periodic motion when the ICR wheel travels
down a ramp for the parameters shown in Table 2.2 can be seen in Figs. 2.15, 2.16,
2.17, 2.18, with the corresponding system energy shown in Fig. 2.19. An important
note about Fig. 2.19, it would appear that the periodic motion is losing energy from
the start to end of the cycle, but as soon as the new cycle begins an instantaneous
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shift occurs when the “touch down” foot becomes the “pivot foot”, recapturing the
system energy lost due to the collision.
2.2.2 Ramp Cost of Transport
A major difference between the ICR wheel on level ground and on a ramp is the system
cost of transport. On level ground without friction considerations, the ICR system is
capable of continuous and periodic motion without energy input, and therefore the
system has a cost of transport of zero. On a ramp, the system gains energy through
gravity potential differences. The cost of transport for the ICR wheel on a ramp is
detailed in Eqns. 2.8 and 2.9.
COT =
mg sin(γ)
mg cos(γ)
(2.8)
COT = tan(γ) (2.9)
2.2.3 Ramp Results
Simulated Phases of Motion
Using the values in Table 2.2, a Runge-Kutta forward integration simulation was used
to generate the paths of motion for an ICR wheel on a five degree ramp. Figs. 2.15,
2.16, 2.17, 2.18 show the state variables during the step, with the system energy
shown in Fig. 2.19. The motion exhibited by these figures is periodic, but a collision
occurs.
Ramp Stability
Even though the behavior of the path of motion for the ICR wheel system is ex-
tremely similar between level ground and ramp walking, the stability of the system
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Fig. 2.15: Angular position of the frame over time for an ICR wheel system on a ramp in periodic
motion.
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Fig. 2.16: Frame angular position over time for periodic motion of a system on a ramp. The
discontinuity seen just after 0.7 seconds is due to the collision.
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Fig. 2.17: Angular position of the inertia device relative to the angular position of the frame over
time for a system in periodic motion on a ramp.
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Fig. 2.18: Inertia device angular velocity relative to the angular velocity of the frame over time for a
system in periodic motion on a ramp. The discontinuity at about 0.7 seconds is due to the collision
and the relative angular velocities between the frame and inertia device.
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Parameter Value
n 5
L 0.5 m
kt 2
Nm
rad
g 9.8 m
s2
mf 1 kg
mw 0.5 kg
If 0.1 kg ·m2
Iw 0.05 kg ·m2
γ 5 deg
θ0 0 rad
θ˙0 27.3776
rad
sec
β0 1.0297 rad
β˙0 0
rad
sec
Table 2.2: Table of values for a level ground system on a ramp.
changes drastically, as seen in Fig. 2.20. On level ground, the system has no way
of recuperating energy lost from impacts; on a ramp, energy is being fed into the
system for every step. The presence of an external energy source results in a region
of asymptotic stability for the ICR wheel.
For periodic motion to occur, the system must have an impact to dissipate energy.
Gravity potential differences between each step supply the system with energy, and
thus for periodic motion to exist, that energy must be dissipated through a collision.
However, unlike on level ground, if too little energy exists in the system for periodic
motion, it is possible for the gravity potential differences in the step to push the
system towards periodic motion. As seen in Fig. 2.21, if the initial angular velocity
of the inertia device is less than required for periodic motion, it still may be in the
realm of asymptotic stability.
2.3 Forward Numeric Integration of Equation of Motion
The majority of analysis of the ICR Wheel system was done using MATLAB’s ODE45
function, a Runge-Kutta forward integration technique. To determine the necessary
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Fig. 2.19: Total system energy of the ICR wheel over time for a system in periodic motion on a
ramp. An ICR wheel system in periodic motion on a ramp will lose energy during its cycle due to
an impact. However, this energy is recaptured by the energy potential difference between steps.
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Fig. 2.20: Iterated map for the parameters shown in Table 2.2
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Fig. 2.21: Close up of the periodic motion and region of asymptotic stability seen in Fig. 2.20
accuracy in which to run the numeric simulation, a convergence plot was generated
at varying tolerances. A simulation of the system using the parameters from Table
2.1 in Section 2.1 was run for numeric tolerances ranging from 1e−1 to 1e−13 for the
“AbsTol” and “RelTol” values, and the final angular velocities of the inertia device was
recorded. Figs. 2.22 and 2.23 show the variability of the results for given tolerances.
The percent difference in results using tolerances between 1e−9 and 1e−13 is on the
order of 1e−10%; using any tolerance value in this range will give a simulation an
acceptable level of accuracy, and all simulations were performed within this range.
2.4 Linearization of Equation of Single Stance Phase
Linearization of the equations of motion during the single stance phase is an important
tool for analyzing the ICR wheel system. Eqns. 2.10 and 2.11 detail the path of motion
for the system. These equations do not have an analytical solution and require either
numeric integration techniques or linearization of the equations in order to simulate
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Fig. 2.22: Convergence plot showing the final rotational velocity calculated using MATLAB’s ODE45
function, a Runge-Kutta forward integration technique for varying integration tolerances. The
tolerances in these plot are for both the “AbsTol” and “RelTol” values.
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Fig. 2.23: Enlarged view of the final angular velocity of the inertia device calculated using a Runge-
Kutta forward integration technique with varying numeric tolerances.
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how the system will respond to a given set of initial conditions.
β¨ =
1
Io
(ktθ − Lmtg cos(β)) (2.10)
θ¨ = − 1
Io
(
ktθ
(
1 +
Io
Iw
)
− Lmt cos(β)
)
(2.11)
Eqns. 2.12 is the linearized substitution of the function cos(β) about the generic
angle of fβz. Linearizing Eqns. 2.10 and 2.11 generates Eqns. 2.13 and 2.14 respec-
tively.
cos(β) ≈ cos(βz)− sin(βz)β + sin(βz)βz (2.12)
β¨ =
kt
Io
θ +
Lmtg
Io
sin(βz)β
−Lmtg
Io
(cos(βz) + sin(βz)βz) (2.13)
θ¨ = −kt
Io
(1 +
Io
Iw
)θ − Lmtg
Io
sin(βz)β
+
Lmtg
Io
(cos(βz) + sin(βz)βz) (2.14)
Taking the linearized equations of motion and arranging them into state space
form gives Eqn. 2.16. Substituting the state variables into the generic vector xt, as
shown in Eqn. 2.17, yields Eqn. 2.18.
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
β˙
β¨
θ˙
θ¨
 =

0 1 0 0
Lmtg
Io
sin(βz) 0
kt
Io
0
0 0 0 1
−Lmtg
Io
sin(βz) 0 −ktIo (1 + IoIw ) 0


β
β˙
θ
θ˙
 (2.15)
+

0
−Lmtg
Io
(cos(βz) + sin(βz)βz)
0
Lmtg
Io
cos(βz) + sin(βz)βz)
 (2.16)
x(t) =

β
β˙
θ
θ˙
 (2.17)
x˙(t) = A x(t) +B (2.18)
To solve the differential Eqn. 2.18, the homogeneous and particular equations must
first be identified. Eqn. 2.19 is the homogeneous equation for the system with the
assumed solution shown in Eqn. 2.20.
x˙H = A xH (2.19)
xH = ce
rtu (2.20)
For convenience, variables f , go, and h will be used in this section as substitutions
in the following formulas, shown in Eqns. 2.21, 2.22, and 2.23.
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f =
Lmtg
Io
sin(βz) (2.21)
go =
kt
Io
(2.22)
h = −kt
Io
(
1 +
Io
Iw
)
(2.23)
Eqn. 2.24 can be generated by solving for the eigenvalues of matrix A. The four
possible solutions for r are detailed in Eqn. 2.25.
r4 − (f + h)r2 + (fh+ fgo) = 0 (2.24)
r = ±
√
1
2
(f + h)± 1
2
√
(h− f)2 − 4fgo (2.25)
Knowing the values for r, the generalized homogeneous Eqn. 2.20 can be refined
into Eqn. 2.26. Where c1, c2, c3, and c4 are unspecified constants defined by the initial
conditions of the system, and u1, u2, u3, and u4 are eigenvectors for matrix A.
xH = c1e
r1tu1 + c2e
r2tu2 + c3e
r3tu3 + c4e
r4tu4 (2.26)
The eigenvectors have been solved for and combined to form matrix U , as shown
in Eqn. 2.27. The solution for these eigenvectors are represented in Eqn. 2.28.
U =
[
u1 u2 u3 u4
]
(2.27)
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U =

1 1 1 1
r1 r2 r3 r4
−r21
r21−go−h
−r22
r22−go−h
−r23
r23−go−h
−r24
r24−go−h−r31
r21−go−h
−r32
r22−go−h
−r33
r23−go−h
−r34
r24−go−h
 (2.28)
In addition to the homogeneous equation, the particular solution must also be
solved. The particular equation is depicted in Eqn. 2.29.
x˙P = A xP +B (2.29)
The assumed solution for the particular equations are shown in Eqns. 2.30 and
2.31, where vector G is a constant.
xP = G (2.30)
x˙P = 0 (2.31)
Using the assumed solution to xP and x˙P in Eqn. 2.29 results in Eqn. 2.32, from
which vector G can be solved, as seen in Eqn. 2.33.
0 = A G+B (2.32)
G = −A−1B (2.33)
Using the homogeneous and particular solutions for the equations of motion, the
full, general equation of x(t) can now be seen in Eqn. 2.34. Grouping the unspecified
constants c1, c2, c3, and c4 into a vector C, shown in Eqn. 2.35, the generalized linear
equations of motion can be fully established based on the initial conditions of the
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system. Setting the initial conditions of the state variables as x0, the vector C can
be solved as demonstrated in Eqns. 2.36, 2.37, and 2.38.
x(t) = c1e
r1tu1 + c2e
r2tu2
+c3e
r3tu3 + c4e
r4tu4 − A−1B (2.34)
C =

c1
c2
c3
c4
 (2.35)
x(0) = x0 = c1u1 + c2u2 + c3u3 + c4u4 − A−1B (2.36)
x0 = U C − A−1B (2.37)
C = U−1(x0 + A−1B) (2.38)
The full equations of motion for the linearized system can now be assembled, as
depicted in Eqn. 2.39
x(t) =
[
u1e
r1t u2e
r2t u3e
r3t u4e
r4t)
]
C − A−1B (2.39)
Using Eqn. 2.39, the results of the linearized equations of motion can be contrasted
against the numeric integration method discussed in Section 2.3. Figs. 2.24, 2.25, 2.26,
and 2.27 show the comparison of the respective state variables generated by both
linearaization techniques and numeric integration methods. In all of these figures,
the angle of linearization, βz, was
pi
2
.
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Fig. 2.24: Angular position of the frame over time; comparison showing difference in numeric in-
tegration results versus the linearization of equations of motion during single stance. Angle of
linearization set as pi2 .
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Fig. 2.25: Angular velocity of the frame over time; shows the difference in results between numeric
integration and linearization of equations of motion during single stance. Angle of linearization set
as pi2 .
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Fig. 2.26: Angular position of the inertia device over time relative to the position of the frame;
results from the linearized equations of motion during single stance and numeric simulation are
overlapped to show comparison. Angle of linearization set as pi2 .
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Fig. 2.27: Angular velocity of the inertia device over time relative to the angular velocity of the
frame; results from the linearization of the equations of motion during single stance are compared
against the numeric integration results. Angle of linearization set as pi2 .
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2.5 Passive Model Conclusions
Understanding the Inertia Coupled Rimless wheel in simulations with idealized as-
sumptions is a critical foundation for which further work can rest on. Previously,
Gomes has shown that the ICR wheel is capable of periodic motion [19]; however,
this says nothing of how the system might behave near it’s point of periodicity. By
studying the equations of motion and simulating the system for a range of initial con-
ditions, the system has been found to have half stable motion on level ground. This
revelation is critical in understanding the system’s behavior. Even though collisions
exist within a step, the system is still capable of converging to a point where peri-
odic and collisionless motion is possible. Furthermore, if the system were on slanted
ground, simulations have shown that the system is still capable of periodic motion;
however now the step has a necessary collision. On slanted ground, iterated maps
have also shown that a region of asymptotic stability for the motion exists near the
point of periodicity. For a certain range, gravity potential differences and collisions
can drive the system to periodic motion, regardless if the initial conditions are too
great or too little compared to what is required of periodic motion. The ICR wheel,
unlike most PDW systems, has a zero minimum energy requirement for locomotion,
and a region of stability in which energy can be lost, but continuous walking will still
take place.
The major tool in understanding the behavior of the system is MATLAB’s ODE45
function, which uses a Runge-Kutta forward integration routine. The numeric model
was tested for a range of tolerances, and convergence was found for the simulation.
The simulated results is extremely similar to what was seen for the system in the
linearized equations of motion, confirming that the simulation is both reliable nu-
merically and an accurate mode of behavior. The numeric simulations will be used
primarily in modeling the systems motion, as the computer model easily allows for
alterations to the equations of motion to consider additional outside forces, such as
63
friction and actuation. The numeric simulations for the system are a reliable way to
quickly generate information about the ICR wheel’s motion.
Although in idealized circumstances the ICR wheel is capable of level ground
walking, the system’s motion changes drastically for physical prototypes. In order to
better understand how the system behaves in real-world circumstances, the system
has to be modeled with consideration of non-conservative frictional forces. To discover
how frictional losses affect the system, experimental testing must be conducted.
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Chapter 3
Experimental Testing
3.1 Five-Legged, Pendulum ICR Wheel
A collisionless path of the ICR wheel may exist in simulation, but the periodic nature
of the system seen in Chapter 2 is lost once friction is considered. Most models of
walking robots do not consider energy lost due to forces such as air-friction and non-
elastic deformations of the limbs, but even these often neglected losses in energy have
a significant impact on a physical ICR wheel model. The inclusion of friction results
in an ICR wheel being unable travel indefinitely on level ground without energy input.
However, the nature of the frictional forces physical prototypes may undergo has not
been previously studied.
To reduce energy losses in the model, the dominant forms of friction in the system
must first be understood. The inner inertia device of a five legged ICR wheel with a
pendulum for an inertia device was analyzed, depicted in Fig. 3.1. To determine the
type of friction that dominates the system and to create an accurate motion model,
two types of trials were performed: “Coasting Trials” and “Oscillating Trials”. For the
Coasting Trials, the spring system was removed and the pendulum was given an initial
velocity; the resulting position of the freely rotating pendulum was recorded. For the
Oscillating Trials, the spring system was returned to the system and the frame was
secured to the ground. The pendulum was then given an initial displacement and the
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Fig. 3.1: Inertia Coupled Rimless wheel diagram, the inertia device is a pendulum.
resulting position of the pendulum during the osculations were recorded. By mapping
the rotational position of the pendulum during these trials, the nature and magnitude
of the friction exhibited by the system can be determined. The physical system used
in these experiments is shown in Figs. 3.2 and 3.3. Fig. 3.4 shows the system with
the springs removed, as used by the Coasting Trials. Experimental data was recorded
to an Arduino microcontroller from a US Digital, optical encoder with a sensitivity
of 0.18 degrees at sampling rates greater than 100 Hz. More detailed information on
the experimental testing is listed in Appendix C. Much of the work shown in this
section was presented to the International Conference on Control, Dynamic Systems,
and Robotics in Ottawa, Ontario, Canada, in May of 2014 [26].
3.1.1 Five-Legged Measured Parameters
In order to perform experiments on the five-legged ICR wheel prototype, the system
parameters were first experimentally measured. The relevant parameters are shown
in Table 3.1. The value for the inertia device about the center of mass, Iw, is used in
calculating the drag coefficient values and is often referred to as Icom.
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Fig. 3.2: Physical prototype of a five legged pendulum ICR wheel.
Fig. 3.3: Close up view of the five legged pendulum ICR wheel
67
Fig. 3.4: Pendulum system in prototype, note: springs have been removed for clarity
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Parameter Value
L 0.4253 m
mf 1.238 kg
mw 0.643 kg
If 0.0951 kg ·m2
Iw 0.0379 kg ·m2
Table 3.1: Measured values for the five-legged, pendulum ICR wheel seen in Figs. 3.3 and 3.4.
3.1.2 Coasting Trials
To determine how much energy is being lost from the pendulum alone, a series of
trials were performed without the torsional spring system, allowing the pendulum to
freely coast on its axis. An encoder disk with 0.18 degree resolution was attached
at the central hub to measure the rotational position of the pendulum during these
experiments. The center of mass of the pendulum is less than 5 mm from the axle.
More detailed information on experimental testing can be found in Appendix C.
Air Drag Model
The air drag model used for the first part of the analysis is represented in Eqn. 3.1,
where Icom is the measured mass moment of inertia about the center of mass, ca is
the air drag coefficient, and θ is the absolute angular position of the pendulum.
Icom
d2θ
dt2
+ ca
(
dθ
dt
)2
= 0 (3.1)
Solving for this separable ordinary differential equation (ODE) and using the
initial conditions of θ(t = 0) = 0 and dθ
dt
(t = 0) = θ˙0 yields the solution shown in
Eqn. 3.2.
θ(t) =
Icom
ca
ln
(
ca
Icom
t+
1
θ˙0
)
− ln
(
1
θ˙0
)
(3.2)
Fig. 3.5 demonstrates how the analytical equation for air drag compares against
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Fig. 3.5: Comparison of experimental trial and viscous damping analytical representation.
the experimental results, assuming a best-fit relationship to determine the air drag
coefficient ca. The initial velocity is estimated to determine the best fit relationship.
From these sets of trials, the average air drag coefficient experienced by the pen-
dulum is ca = 1.42 · 10−4Nms2rad2 . As can be seen by Fig. 3.5, the air drag model shown
in Eqn. 3.2, fits the experimental data well. The least squares values comparing the
experimental data and the analytical estimation are larger than 0.99 for all of the
trials. The success of the analytic model to describe the angular position suggests
that air drag is the primary source of friction experienced by the pendulum when
freely coasting.
Viscous Drag Model
In addition to the air drag model, the path of motion was estimated assuming viscous
damping. The pendulum uses standard ball-bearings to reduce friction on its rotation
axis. However, bearings are not perfect and may be a source of energy loss in the
system. The general model for viscous drag acting on an inertia is shown in Eqn. 3.3,
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Fig. 3.6: Curve-fit estimations for viscous damping coefficients.
where cv is the viscous damping coefficient.
Icom
d2θ
dt2
+ cv
dθ
dt
= 0 (3.3)
Solving the ordinary differential equation, Eqn. 3.3, with the initial conditions of
θ(t = 0) = 0 and dθ
dt
(t = 0) = θ˙0 yields Eqn. 3.4.
θ(t) =
Icom
cv
θ˙0
(
1− e −cvIcom t
)
(3.4)
Fig. 3.7 demonstrates that the motion of a viscous damped system is similar to
the observed path of the pendulum. The analytical solution shown in Eqn. 3.4 is
relatively accurate, with an average least squares value of better than 0.9 compared
to the experimental data. However, the viscous drag model clearly deviates over time;
the air drag model fits the experimental data far better than the viscous drag model.
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Fig. 3.7: Comparison of experimental trial and viscous drag analytical representation.
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Fig. 3.8: Curve-fit estimations for viscous drag coefficients.
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Pendulum Losses from Air Drag
Air drag is the primary source of friction on the freely rotating pendulum. However,
it is also interesting to note that the energy loss from the system can be correlated to
the instantaneous rotational velocity of the pendulum. Using this correlation we can
predict the energy loss due to air drag from the pendulum at higher speeds. Eqn. 3.5
shows how energy loss can be calculated and Eqn. 3.6 shows the estimated energy
equation for small differences in rotational position, θ. In these equations, τa is the
torque due to air drag and E is the energy lost from the pendulum.
E =
∫ θ2
θ1
τa · dθ (3.5)
E ≈ 1
2
(θ2 − θ1)(τa2 + τa1) (3.6)
From Eqn. 3.6, the energy lost per degree of travel is calculated from the data
and compared against the instantaneous rotational velocity of the pendulum, shown
in Fig. 3.9. By looking at this data on a logarithmic plot, as seen in Fig. 3.10 a few
interesting correlations between energy losses from air drag and pendulum velocity
can be observed. The slope of the logarithmic line is almost precisely 2, signifying an
exponential relationship between energy loss and angular velocity. The full equation
fitting the estimated energy losses per degree and the instantaneous rotational velocity
is seen in Eqn. 3.7, which can be used to extrapolate energy loss from the system due
to pendulum air drag at higher speeds; θ˙ is the rotational velocity of the pendulum.
E
Deg
≈ (2.478 · 10−6)θ˙2 (3.7)
Converting the drag coefficient seen in Eqn. 3.7 to energy lost per radian gives
Eqn. 3.8. In Eqn. 3.8, the drag coefficient estimated from energy loss closely matches
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Fig. 3.9: Estimated energy losses per degree versus instantaneous rotational velocity. The energy
loss model captures the experimental data.
the best-fit value from the coasting trials, with a percent error under 1e− 3%.
E
rad
≈ (1.421 · 10−4)θ˙2 (3.8)
3.1.3 Oscillating Trials
The pendulum is not the only system in the ICR wheel which might dissipate energy.
The torsional spring system moving through the air could also contribute to the
energy losses of the system. The spring system creates a larger cross section for
air drag, and the set-up uses strings and springs which may be dissipating energy
through slipping or non-elastic deformation. Oscillating trials were performed with
the torsional springs and pendulum while the encoder recorded the rotational position.
The rotational velocity was then numerically determined from the position data by a
polynomial curve fit to a moving window of data. This curve fit was then analytically
differentiated and then used to determine the approximate angular velocity for the
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Fig. 3.10: Logarithmic plot showing the data from Fig. 3.9. On the logarithmic plot, energy loss per
degree and instantaneous velocity can be shown to have a squared relationship.
central data point in the data window.
Air Drag Model
The equations of motion for an oscillating pendulum experiencing air drag are repre-
sented in Eqn. 3.9, with k as the torsional stiffness of the springs.
Icom
d2θ
dt2
+ ca
(
dθ
dt
)2
+ kθ = 0 (3.9)
The non-linear ODE in Eqn. 3.9 does not have a standard solution, but the path
of motion can be estimated using numeric simulations.
The “Analytically Approximated” air drag model in Fig. 3.11 uses the drag coeffi-
cients from the coasting trials: 1.42 ·10−4Nms2
rad2
, and the “Analytically Experimentally
Estimated” model shown in Fig. 3.12 uses an air drag value fit to the experimental
results, 7.5 · 10−3Nms2
rad2
.
The awful relationship between the approximated air drag model and the measured
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Fig. 3.11: Analytically approximated motion using the air drag coefficient found in Section 3.1.2:
ca = 1.42 · 10−4Nms2rad2 .
data shown in Fig. 3.11 demonstrates that there must exist within the system more
non-conservative forces than simply the air drag from the pendulum. Assuming a
higher drag coefficient fits the model better, as seen in Fig. 3.12, but even a model
with a relatively high air drag coefficient shows that the peaks begin to diverge after
a single oscillation. Thus, if air drag is not an appropriate representation for the
system, another model must be applied.
Viscous Drag Model
The coasting experiments indicated that air drag dominates the energy loss in the
system without the torsional spring system. The viscous damping model is not meant
to represent directly the types of friction within the system. Rather, the viscous model
is an attempt to accurately predict the motion of the torsional springs and pendulum
considering all of the inherent friction observed from experimentation. Eqn. 3.10
shows the form of the model we used for the oscillating system assuming viscous
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Fig. 3.12: Estimated air drag motion fit to the measured data. Air drag coefficient is estimated to
be: ca = 7.5 · 10−3Nms2rad2
damping.
Icom
d2θ
dt2
+ cv
dθ
dt
+ kθ = 0 (3.10)
Using a viscous damping model has one great advantage over the equations of mo-
tion for air drag: the viscous damping differential equation can be solved analytically,
which allows for a simple curve fitting routine to estimate the damping coefficient.
An example of experimental data compared with an estimated path of motion using
viscous damping is shown in Fig. 3.13. To solve for the approximated viscous drag
model is very straightforward. By measuring the exponential decrement of the peaks,
along with the period of oscillation, the damping coefficient cv can be calculated using
Eqns. 3.11 through 3.15. In these equations, Pv are the peak values of oscillation, ρ
is the exponential coefficient of decrement, wd is the damped natural frequency, wn
is the natural frequency, k is the calculated spring constant, and cv is the calculated
viscous damping coefficient.
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Pv = Ae
ρt (3.11)
wd = 2pif (3.12)
wn =
wd√
1− ρ2 (3.13)
k = w2nIcom (3.14)
cv = 2Icomρ (3.15)
(3.16)
Although the source of friction is not completely defined, it is clear from Fig. 3.13
that a viscous damping model accurately predicts the motion of the torsional pendu-
lum, with a viscous damping coefficient: cv = 4 · 10−3Nmsrad . However, without directly
understanding all the sources of friction, it is still relatively unclear as to how best
reduce the energy losses of the system.
Although the source of friction is not completely defined, it is clear from Fig. 3.13
that a viscous damping model accurately predicts the motion of the torsional pen-
dulum. However, without directly understanding all the sources of friction, it is still
unclear as to how best reduce the energy losses of the system.
Comparison of Energy Losses
Even though a viscous damping model might accurately predict the position of the
torsional pendulum, it is still prudent to know how much energy is lost purely from
the air drag caused by the rotating pendulum during an oscillation. The pendulum
design was not intended to be aerodynamic. Eqn. 3.8 was used to estimate how
much energy was lost per oscillation of the torsional pendulum due to air drag on
the pendulum per degree. A comparison between the actual kinetic energy losses
per oscillation from the experiments and the estimated energy loss due to air drag is
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Fig. 3.13: Estimated viscous drag motion fit to the measured data. The viscous drag coefficient is
estimated to be: cv = 4 · 10−3Nmsrad2
shown in Fig. 3.14.
Figure 3.14 clearly shows the role of air drag on the oscillating pendulum. As
the angular velocity of the pendulum increases, the portion of energy loss from air
drag decreases. The 5-legged ICR wheel prototype has a peak rotational velocity per
oscillation of about 27 rad/sec. At this speed, it can be predicted that the system
will lose nearly 30% of its energy loss from the pendulum air drag alone.
Although it may seem that air drag from the pendulum becomes less of a domi-
nating factor as speeds increases, observing Fig. 3.14 on a logarithmic plot shows an
interesting trend in the ICR wheel system. Fig. 3.15 shows that at higher speeds,
the slope of the energy loss per oscillation begins to trend towards the slope of the
estimated losses due to air drag. The offset of the two lines at higher speeds is dif-
ferent, but the discrepancy could be due to the addition of the springs in the system
between the coasting trials and the oscillating trials. Fig. 3.15 shows that air drag is
the dominant force in the ICR wheel system at higher speeds. Other forces at lower
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Fig. 3.14: Comparison of the measured energy lost per oscillation versus the predicted energy lost
per oscillation due to the air drag experienced by the pendulum. The air drag coefficient that the
pendulum is estimated to be experiencing is the same as used in Eqn. 3.8.
speeds may make using the air drag model impractical for simulation, but for design,
reducing air drag will improve the performance of the system.
3.2 Six-Legged, Disk ICR Wheel
Armed with the knowledge of the dominant friction forces in the system, a six-legged
ICR wheel was constructed that uses a disk for the inertia device and is capability of
adding a foam fairing to reduce the amount of air drag in the system.
3.2.1 Six-Legged Measured Parameters
In order to understand the six-legged ICR wheel prototype, the significant parameters
were measured. The relevant parameters are shown in Table 3.2. The inertia device
for this system is a disk.
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Fig. 3.15: Logarithmic plot of Fig. 3.14. At higher speeds, the energy lost per oscillation begins to
trend towards the predicted energy lost per oscillation of the pendulum under air drag.
Fig. 3.16: Six-legged, disk ICR wheel with fairing.
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Fig. 3.17: Six-legged, disk ICR wheel without fairing.
Parameter Value
L 0.3935 m
mf 1.438 kg
mw 1.803 kg
If 0.0851 kg ·m2
Iw (fairing) 0.0984 kg ·m2
Iw (no fairing) 0.0684 kg ·m2
Table 3.2: Measured values for the six-legged ICR wheel seen in Figs. 3.16 and 3.17.
3.2.2 Ramp Trials
The six-legged prototype shown in Fig. 3.16 was successful in walking down ramps
with a slope as shallow as three degrees, a COT of just over 0.05. L3GD20 3-Axis
Gyroscopes on the wheel and frame measured the rotational velocities of the system,
reading data at 2000 degrees per second. The ramp only allowed five steps, and the
motion of the system can be seen in Fig. 3.18 with the resulting phase plane diagram
in Fig. 3.19. Simple assumptions made in simulation, such as perfectly “flat” ground,
typically do not exist in real-world situations and can have significant effects on
prototype models [27], but the inherent stability of the system’s motion still allowed
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Fig. 3.18: Angular velocities of the frame and wheel of the six-legged prototype at three degrees.
for a continuous walking cycle.
Fig. 3.18 shows that the first step is not periodic, but the motion is still asymptot-
ically stable. The following steps show the system moving towards periodic motion.
The last three steps of the trial in Fig. 3.18 are shown in Fig. 3.20. The resulting
phase plane, as seen in Fig. 3.21, demonstrates that the three steps are repeating
relatively the same motion for each cycle; confirming the periodicity of the test.
3.2.3 Comparison of the Pendulum and Disk ICR Wheel Models
To understand the benefits of the six-legged ICR wheel, the non-dimensional viscous
drag was estimated for the pendulum system, the disk system, and the disk system
with a fairing attached. The calculations for the non-dimensional damping value
ζ were done using Eqn. 3.17; where cv and wn were calculated using the same ex-
perimental set up and calculations as demonstrated in section 3.1.3. The resulting
non-dimensional damping coefficients for these experiments can be seen in Fig. 3.22.
In Fig. 3.22, the pendulum inertia device has a far greater viscous damping coefficient
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Fig. 3.19: Phase plane diagram of the six-legged prototype for a periodic trial at three degrees.
Compares the angular velocities of the frame and inertia device.
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Fig. 3.20: Angular velocities of the frame and wheel for the final three steps of the six-legged
prototype at three degrees.
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Fig. 3.21: Phase plane diagram of the last three steps for the six-legged prototype at three degrees.
The overlapping data points for the three steps demonstrates that the system is following a periodic
path of motion.
than the disk model, several times greater than either the disk or disk with fairing.
The disk with fairing, likewise, is a significant improvement over the disk alone, with
a non-dimensional viscous damping coefficient about three-quarters that of the disk.
ζ =
cv
2Icomwn
(3.17)
The benefits of a smaller non-dimensional damping coefficient has been observed
in practical experimentation. The six-legged prototype was shown to walk down a
ramp of approximately three degrees, equating to a COT of about 0.052. Meanwhile,
the five legged pendulum design needed a slope of twelve degrees or greater in order
to walk, giving the system a COT of 0.249, which is a COT of over four times greater
than the six-legged model. Clearly, the five and six-legged models have other design
parameters outside of the inertia device which are different, but the six-legged design
is a notable improvement over the five-legged model.
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Fig. 3.22: Estimated non-dimensional viscous damping coefficients for the pendulum, wheel, and
wheel with fairing compared against the peak rotational velocity of the inertia device per oscillation.
3.3 Experimental Conclusions
The experiments on the five-legged ICR wheel prototype revealed how the a physical
model behaves while experiencing frictional losses. The Coasting Trials were conclu-
sive in demonstrating that an ICR wheel’s motion without the torsional springs will
be dominated by air drag. The equation of motion and energy models show that
air friction is the dominant source of energy loss in that system. However, once the
torsional springs were re-attached and the Oscillating Trials were performed, it be-
came clear that the more complicated model had more interacting forces that could
not be captured simply with an air-drag model. Instead, a viscous drag model was
able to predict the system’s motion over multiple oscillations. Although this does not
reveal the dominant friction forces, it does give an accurate model of motion for the
system. Looking at the energy lost per oscillation compared against the peak rota-
tional velocity showed that the Oscillating Trials tend towards an air-drag dominated
friction model at higher system velocities, but these tests also demonstrate that other
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frictional losses must be occurring.
Comparing the five-legged pendulum prototype against the six-legged disk and
disk with fairing prototype also revealed how the ICR wheel model behaves with
friction. The non-dimensional damping coefficient showed that changing the geometry
of the system, replacing the pendulum with the disk, drastically reduced the system’s
damping. Furthermore, adding the mass of the fairing also improved the system’s
damping coefficient. Showing the differences between the five and six-legged models
still cannot conclusively say that air-drag is the primary source of friction, but they
do show that air-friction plays an important roll in the system’s energy losses.
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Chapter 4
Passive Model with Friction
4.1 Viscous Damping Model
Using the information on the dominant friction forces discussed in Chapter 3, a simu-
lation for the ICR wheel was developed that accounts for the viscous drag experience
by the inertia device. The system undergoes similar motion as to the un-damped
model, but a few extremely important changes to the behavior can be observed. A
viscous damped ICR wheel system will no longer be able to maintain level ground
transport. If energy is being lost from the system from frictional forces, it is impossi-
ble for the system to continue periodically without a form of energy input. Therefore,
as a first step towards understanding the impact of friction on the system dynamics,
the passive, damped ICR wheel model will be examined traversing down a slope. The
numeric integration techniques to solve for the equations of motion for the damped
model are the same as detailed in Section 2.4.
4.1.1 General Phases of Motion
A damped ICR wheel system undergoes the same phases of motion as its un-damped
counterpart. The major divergence between the two systems is the addition of a
damping force to the equations of motion. As in Chapter 2, β is the angular position
of the frame in reference to the absolute coordinate frame, and θ is the angular
88
position of the inertia device relative to the position of the frame. The method for
deriving the equations of motion can be seen in Appendix B
4.1.2 Double Stance and Lift Off
During the double stance phase, the frame remains motionless as the inertia device
rotates about its center of mass. The inertia device follows a viscously damped
oscillatory motion, as detailed in Eqn. 4.2.
β¨ = 0 (4.1)
−Iwθ¨ = cvθ˙ + ktθ (4.2)
The conditions for lift off are unchanged from the un-damped model, shown in
Eqn. 2.3. When the inertia device provides a sufficient torque to the frame, the frame
will lift off the ground.
4.1.3 Single Stance and Impact
The equations of motion for the ICR wheel system are changed during single stance
for a viscouly damped system. The path of motion can be numerically integrated
using the conditions of the system at lift off in the second order differential equations:
Eqns. 4.3 and 4.4. Even assuming that viscous damping only acts on the inertia
device, the frame dynamics complicate the equations. The free body diagram for this
system during single stance is shown in Figs. 4.1 and 4.2.
Iw(β¨ + θ¨) + ktθ + cv(β˙ + θ˙) = 0 (4.3)
Iwθ¨ + (Io + Iw)β¨ + cv(β˙ + θ˙) + L cos(β)mtg = 0 (4.4)
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Fig. 4.1: Free body diagram of the frame during single stance for an ICR wheel experiencing viscous
damping on the inertia device. Note that the damping moment does not directly affect the forces
on the frame.
Wy
Wx
mw g
MwMD
Fig. 4.2: Free body diagram of the inertia device during single stance with viscous damping consid-
erations included.
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The conditions for impact are the same as those detailed in section 2.1.5. When
the system makes contact with the ground, the frame is brought to an instantaneous
halt and the inertia device’s motion from the absolute reference frame is unaffected.
The system then immediately continues into the double stance phase.
4.2 Viscous Damping Results
As stated in 4.1, an ICR wheel system with frictional losses will not be able to traverse
level ground. If a PDW is losing energy from friction on level ground, the system
will eventually fail to continue walking. However, the system can walk down a slant,
where gravity potential differences make up for the losses from friction.
4.2.1 Asymptotic Stability
As observed in section 2.2.3, an ICR wheel without damping will have asymptotic
stability when walking down a slope. The same can be true for an ICR wheel system
with viscous damping. Figs. 4.3 and 4.4 show the iterated map for a damped ICR
wheel system with asymptotic stability on a ramp, using the parameters shown in
Table 4.1. The start and end of each cycle is considered to be half way through the
double stance phase, when the relative position of the inertia device is zero.
4.2.2 Half Stability
The stability of the ICR wheel models for damped and un-damped systems have
a major difference in their behavior. The frictionless ICR wheel will have periodic
motions with asymptotic stability on any slope, but the same is not true for an ICR
wheel with friction. For a system with viscous damping, there exists a minimal slope
necessary for periodic motion. Depending on how much energy a damped system is
losing due to friction during the trials, a minimal slant is required to recuperate those
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Fig. 4.3: Iterated map of an ICR wheel system experience viscous damping on a fifteen degree ramp,
using the parameters seen in Table 4.1.
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Fig. 4.4: Close up of the iterated map seen in Fig. 4.3 near the point of periodic motion.
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Parameter Value
n 5
L 0.5 m
kt 2
Nm
rad
g 9.8 m
s2
mf 1 kg
mw 0.5 kg
If 0.1 kg ·m2
Iw 0.05 kg ·m2
γ 15 deg
cv 0.005
Nms
rad
θ0 0 rad
β0 1.0297 rad
β˙0 0
rad
sec
Table 4.1: Table of values for a viscously damped system on a ramp undergoing asymptotically
stable, periodic motion.
losses. A minimal slope angle where the periodic motion is half stable exists for an
ICR wheel system with friction, as seen in Figs. 4.5 and 4.6, using the parameters
from Table 4.2.
4.3 Parameter Search
Knowing that periodic motion for a viscously damped system is one matter, the
next challenge is finding which change in parameters will effectively reduce the cost
of transport of the system. The assumed friction on the system follows a viscous
damped model, so energy losses will be proportional to the speed of the inertia device.
Therefore, the two parameters considered in the parameter search will be the size of
the device and the spring constant used for the torsional spring system. In this
analysis, changing the size will only effect the inertia of the inertia device; keeping
the mass of the system constant, but moving the mass of the inertia device farther
away from the center. The parameters used in this parameter search are listed in
Table 4.3.
As evident by Fig. 4.7; as the geometric scale and spring constant increase, the
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Fig. 4.5: Iterated map of a viscous damped ICR wheel system on a ten degree slope, the minimal
ramp angle possible for periodic motion using the parameters seen in Table 4.2.
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Fig. 4.6: Close up of Fig. 4.5 near the point of periodic motion.
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Parameter Value
n 5
L 0.5 m
kt 2
Nm
rad
g 9.8 m
s2
mf 1 kg
mw 0.5 kg
If 0.1 kg ·m2
Iw 0.05 kg ·m2
γ 10 deg
cv 0.005
Nms
rad
θ0 0 rad
β0 1.0297 rad
β˙0 0
rad
sec
Table 4.2: Table of values for a viscously damped system on a ramp undergoing half stable, periodic
motion.
COT for the system decreases. A system that had a COT of about 0.2 can have the
COT reduced below 0.08 by using stiffer springs and effectively increasing the inertia
of the inertia device.
4.4 Collisionless Motion
An ICR wheel system undergoing friction now has two possible sources of energy
loss: friction acted upon the system and an impact for each step. Determining the
circumstances that allow for collisionless motion for a model with viscous drag is
crucial in attempting to minimize the COT of an ICR wheel system. Chapter 2 has
already shown that a frictionless system can have collisionless motion on level ground
but must have an impact when walking on a slope.
4.4.1 Viscous Damped System, Mathematical Proof
It is apparent that a system that has frictional losses cannot walk continuously with-
out a source of energy. However, this revelation says nothing of the motion that
the ICR wheel may exhibit in level ground walking. The mathematical proof in this
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Parameter Value
n 5
sL 0.5 m
kNL* 440
Nm
rad
rH* 0.0284 m
Lpen* 0.26 m
pdL* 0.015 m
g 9.8 m
s2
mf 1.238 kg
mw 0.643 kg
If 0.0951 kg ·m2
Iw 0.0379 kg ·m2
cv 0.004
Nms
rad
Table 4.3: Table used for the parameter search. The values listed are the base values before the
geometric scale or spring constants are increased *Note: these non-linear spring parameters are
explained in Appendix A.
section shows that an ICR wheel system affected by viscous damping cannot have
collisionless motion. Looking solely at the single stance phase, the Eqns. 4.3 and 4.4
can be combined to eliminate the θ¨ terms, resulting in Eqn. 4.5. The subscript “L”
dictates a variable’s value at time of lift off, and the subscript “T” is a variable’s
value at time of touch down.
L cos(β)mtg + Ioβ¨ − ktθ = 0 (4.5)
In order for collisionless motion to occur, the angular acceleration of the frame
must be zero at time of lift off and touch down [16], leading to the assumptions seen
in Eqns. 4.6 and 4.7.
β¨L = 0 (4.6)
β¨T = 0 (4.7)
At time of lift off and touch down, Eqn. 4.5 becomes Eqn. 4.8.
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Fig. 4.7: Parameter search showing the Cost of Transport for a variety of systems changing in
physical geometry and spring stiffness for a ICR wheel walking down a ramp with damping. As
spring stiffness and geometric scale increases, the COT for the system decreases.
L cos(βL/T )mtg − ktθ = 0 (4.8)
Due to the geometry of a polygonal frame, the angular position of the frame at
time of lift of and touch down has the relation shown in Eqn. 4.9.
cos(βL) = −cos(βT ) (4.9)
Taking the forms of Eqn. 4.8 at time of lift off and touch down and combining
them yields Eqn. 4.10. Using the relationship of Eqn. 4.9, then leads to Eqns. 4.11
and 4.12
L cos(βL)mtg − ktθL + L cos(βT )mtg − ktθT = 0 (4.10)
−ktθL = ktθT (4.11)
θL = −θT (4.12)
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Already a very important circumstance has been revealed by Eqn. 4.12: In order
for collisionless motion to occur, the single stance phase has to begin and end with
equal and opposite positions of θ. However, this is not enough to prove whether or not
collisionless motion is possible for a damped system. To further the understanding
of motion for a damped ICR wheel system, the energy equations must be examined.
Assuming the potential energy of the system is zero at time of lift off and touch down,
Eqn. 4.13 is the energy equation for the system during the single stance phase, where
FF is the force of friction during the cycle. Eqn. 4.13 can then be rearranged into
Eqn. 4.14.
1
2
Iwθ˙
2
L +
1
2
ktθ
2
L =
1
2
Iwθ˙
2
T +
1
2
ktθ
2
T +
θT∫
θL
FFdθ (4.13)
1
2
Iw(θ˙
2
L − θ˙2T ) +
1
2
kt(θ
2
L − θ2T ) =
θT∫
θL
FFdθ (4.14)
The next step is to take the derivative with respect to θT as seen in Eqn. 4.15.
Propagating the derivative through the equation then results in Eqn. 4.16.
d
dθT
[
1
2
Iw(θ˙
2
L − θ˙2T ) +
1
2
kt(θ
2
L − θ2T )
]
=
d
dθT
 θT∫
θL
FFdθ
 (4.15)
1
2
Iw
[
d
dθT
(θ˙2L)−
d
dθT
(θ˙2T )
]
+
1
2
kt
[
d
dθT
(θ2L)−
d
dθT
(θ2T )
]
= FF (θT ) (4.16)
The individual elements of Eqn. 4.16 are broken apart and examined in Eqns. 4.17
through 4.24.
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d
dθT
(θ˙2L) = 0 (4.17)
d
dθT
(θ2L) = 0 (4.18)
d
dθT
(θ2T ) = 2θT (4.19)
d
dθT
(θ˙2T ) =
d
dθT
[
d
dt
θT
]2
(4.20)
d
dθT
[
d
dt
(θT )
]2
= 2
(
d
dt
θT
)[
d
dθT
d
dt
θT
]
(4.21)
2
(
d
dt
θT
)[
d
dθT
d
dt
θT
]
= 2
(
d
dt
θT
)[
d
dt
(1)
]
(4.22)
2
(
d
dt
θT
)[
d
dt
(1)
]
= 0 (4.23)
d
dθT
(θ˙2T ) = 0 (4.24)
Combining Eqns. 4.17 through 4.24. into Eqn. 4.14 yields Eqn. 4.25.
− ktθT = FF (θT ) (4.25)
Using Eqn. 4.14 and swapping the initial and final bounds for the integral yields
Eqn. 4.26.
1
2
Iw(θ˙
2
L − θ˙2T ) +
1
2
kt(θ
2
L − θ2T ) = −
θL∫
θT
FFdθ (4.26)
Taking the derivative of Eqn. 4.26 by θL yields Eqns. 4.27 and 4.28.
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d
dθL
[
1
2
Iw(θ˙
2
T − θ˙2L) +
1
2
kt(θ
2
L − θ2T )
]
= − d
dθL
 θL∫
θT
FFdθ
 (4.27)
1
2
Iw
[
d
dθL
(θ˙2L)−
d
dθL
(θ˙2T )
]
+
1
2
kt
[
d
dθT
(θ2L)−
d
dθL
(θ2T )
]
= −FF (θL) (4.28)
Following similar logic used in Eqns. 4.17 through 4.24 for Eqn. 4.28yields Eqn. 4.29
through 4.36.
d
dθL
(θ˙2T ) = 0 (4.29)
d
dθL
(θ2T ) = 0 (4.30)
d
dθL
(θ2L) = 2θL (4.31)
d
dθL
(θ˙2L) =
d
dθL
[
d
dt
θL
]2
(4.32)
d
dθL
[
d
dt
(θL)
]2
= 2
(
d
dt
θL
)[
d
dθL
d
dt
θL
]
(4.33)
2
(
d
dt
θL
)[
d
dθL
d
dt
θL
]
= 2
(
d
dt
θL
)[
d
dt
(1)
]
(4.34)
2
(
d
dt
θL
)[
d
dt
(1)
]
= 0 (4.35)
d
dθL
(θ˙2L) = 0 (4.36)
From Eqns. 4.29 through 4.36, Eqn. 4.37 can be derived.
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− ktθL = FF (θL) (4.37)
Using the formula for viscous damping, seen in Eqn. 4.38, Eqns. 4.39 and 4.40 can
be derived for the times of lift off and touch down, knowing that the angular velocity
during these times are zero.
FF = cv(θ˙ + β˙) (4.38)
FF (θL) = cvθ˙L (4.39)
FF (θT ) = cvθ˙T (4.40)
Substituting the values for FF (θL) and FF (θT ) from the damping formula in
Eqns. 4.39 and 4.40 into Eqns. 4.25 and 4.37 yields Eqns. 4.41 and 4.42.
−ktθL = cvθ˙L (4.41)
−ktθT = cvθ˙T (4.42)
From the relationship between θL and θT shown in Eqn. 4.11, the relationship
between θ˙L and θ˙T can be determined as seen in Eqn. 4.43.
θ˙L = −θ˙T (4.43)
Knowing the relationships between θL, θT and θ˙L, θ˙T , Eqn. 4.14 takes on a new
form, as seen in Eqn. 4.44.
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1
2
Iw(θ˙
2
L − (−θ˙L)2) +
1
2
kt(θ
2
L − (−θL)2) =
θT∫
θL
FFdθ (4.44)
Solving Eqn. 4.44 results in Eqn. 4.45.
θL∫
θT
FFdθ = 0 (4.45)
Thus Eqn. 4.45 shows that the net amount of work done by viscous friction on a
system must be zero in order for the system to have a collisionless impact.
4.4.2 Necessity of Symmetry, Logic Proof
Knowing that in order for periodic motion to occur, a system must begin and end in
the same position after a step. For any Newtonian system, the equations of motion
are time reversible, and the ordinary differential equations have a unique solution for
any set of initial condition. If the motion of a given system moving forward in time
is the same as the system moving backwards in time in the opposite direction, the
system is considered to be symmetric about the midpoint of its motion. Figs. 2.6,
2.7, 2.8, and 2.9 each show that the collisionless motion of an ICR wheel may be
symmetric about the midpoint, but they do not in themselves prove that an ICR
wheel system without damping must be symmetric in order for collisionless motion
to exist.
Demanding collisionless motion of the system in itself is not enough to prove that
an ICR wheel system must have a symmetric path for collisionless motion to occur.
However, setting the requirement of collisionless and periodic motion is. Regardless
if the step is collisionless or not, the ICR wheel system does not serve its purpose if
it cannot walk continuously. Periodic walking places the necessary stipulation that
the end conditions be exactly the same as the starting condition after a step. From
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a Newtonian standpoint, this requires the system to follow the same path forward in
time from the initial conditions as it does backwards in time in the reverse direction
from the end conditions. If an ICR wheel is periodic on level ground, the system will
behave the same moving forwards in time as it will backwards in time in the reverse
direction.
For purpose of discussion, the start and end conditions will be considered to be
halfway through double stance before and after a step, as seen in Eqns. 4.46 through
4.49. By definition of the phase, an external force will never exist for any ICR wheel
during the lift off stage on the lift foot for a system moving forwards in time. Thus, in
order for an ICR wheel system to be symmetric, an external force cannot be enacted
on the lift foot during the lift off stage for a system moving backwards in time.
Matching the motion of a periodic ICR wheel system both forwards and backwards
in time demands that an external force cannot be experienced by the touch down foot
during the touch down phase. Thus, if the motion is periodic on level ground, it will
also be collisionless. Knowing that the state variables of a system must be symmetric,
the conclusion can be drawn that the system energy of the ICR wheel during a step
must also be symmetric if the motion is to be collisionless.
θ0 = 0 (4.46)
θf = 0 (4.47)
β0 =
pi
2
− pi
n
(4.48)
βf =
pi
n
− pi
2
(4.49)
Demanding symmetry in the system energy of an ICR wheel indicates that a pas-
sive system with drag cannot be collisionless on either level ground or on a ramp. An
ICR wheel system on level ground with frictional forces will experience a continuous
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loss in energy without any forms of recuperating the energy losses. Such a system
cannot have a symmetric system energy about the midpoint of the step. Section 2.2.3
demonstrated that an ICR wheel system on a ramp without friction must have a col-
lision to balance the system energy for periodic motion to be possible. Similarly, an
ICR wheel system on a ramp with frictional forces will undergo a continuous loss in
system energy, while the recuperation from gravity potential differences is a construct
of changing the touch down foot to the pivot foot between steps. A frictional ICR
wheel on a ramp is not capable of a symmetric path.
An ICR wheel system that has frictional losses throughout its cycle can only be
collisionless by means of constant actuation. Only through actuation can the system
energy conceivably remain symmetric about the midpoint of a step. One such method,
the Reaction Device System will be examined in Section 5.5.
4.5 Simulation with Friction Conclusions
Understanding how a frictional Inertia Coupled Rimless Wheel behaves with frictional
considerations is a huge step forward in quantifying an ICR wheel’s cost of transport.
Modeling a robotic system with friction is innovative in the field of robotic motion.
Traditional PDW models are designed to lose energy, even in simulation. Frictional
losses that these systems may experience in prototype are only a small fraction of the
energy they are expected to experience by design, and therefore frictional losses are
usually neglected. With the ICR wheel, in simulation the system is capable of zero
cost of transport motion, and thus any frictional forces drastically affect the system’s
motion.
Considering a viscous damping force acting on the inertia device, the ICR wheel
is still capable of half stable motion on a ramp with a minimum slope value. On this
minimum slope, the system will undergo frictional losses as well as a collision, but
the energy lost from the system will be recaptured by gravity potential differences.
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For a slope greater than the minimal value, the motion is asymptotically stable for a
range of initial conditions.
Whereas any ICR wheel system without friction is capable of level ground motion,
a system’s parameters directly affects the cost of transport once friction is considered.
A brief parameter search revealed that slowing the inertia device results in a lowered
the COT for an ICR wheel on a ramp. The rotational velocity can easily be lowered
in one of two ways: increasing the inertia of the inertia device, which decreases the
frequency of oscillation; or in increasing the stiffness of the spring, which minimizes
the peak velocity required to achieve lift off.
Looking purely at how the ICR wheel is affected by friction, symmetry arguments
can show that collisionless motion is no longer possible. Even though level ground,
periodic motion is clearly not possible for a model that cannot maintain system
energy, the necessity of a collision was unexpected. However, once frictional forces
are considered, a passive ICR wheel must undergo a collision.
The ways that friction affect the system’s motion will have a direct impact on the
methods of actuation that are considered. Designs will be chosen which can minimize
the frictional losses and help to regain the collisionless motion that the ICR wheel is
capable of in systems without friction.
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Chapter 5
Powered ICR Wheel
5.1 Sources of Power
Countless ways exist to possibly power the ICR wheel system. However, the challenge
is not about creating a walking model but rather in finding simple ways that will
power the system efficiently. Researches have previously found that a slight change
in actuation for a traditionally PDW model could mean major efficiency increases
[28]. The intention of the ICR wheel is to design a system capable of level ground
motion with as little energy expenditure as possible. In simulation, as seen in Chapter
2, a system without friction is capable of level ground walking without any form of
actuation. However, once real world friction forces are considered, some mode of
actuation is necessary to facilitate level ground walking. All of the models in this
section are assumed to have viscous friction applied to the inertia device.
The two parts of the ICR wheel that could easily be actuated are the frame
and inertia device. A system could be devised to change the spring constant of the
torsional spring system. However, large spring forces are prohibitive in constructing
such a system and have the potential to require a large amount of external work from
actuation. The areas for investigation in powering the system are focused on altering
the state variables of the system: the angular position and angular velocity of the
frame and inertia device. Therefore, the systems for actuation examined are designed
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with the intention of altering one or more of these state variables.
Any system of actuation examined for the ICR wheel must adhere to the following
guidelines to preserve the nature of a walking device:
1. The system cannot scuff the ground. Sliding or scraping along the ground would
present friction concerns which may change depending on the surface.
2. The system cannot have external wheels. Scuffing could be circumvented by
having a roller, but utilizing a rolling system against the ground undermines the
concept of a legged walking device.
3. The actuation must be self contained. Any system of actuation must come from
a device located on the ICR wheel itself; having a device completely independent
of the ICR wheel would not meet the criteria of an actuated ICR wheel.
4. The actuation must supplement the motion of the ICR wheel. If a system
of actuation were just as capable of walking whether or not the ICR wheel is
actively participating in the motion defeats the purpose of having an ICR wheel.
5.2 Central Motor System
Perhaps the simplest way to actuate the ICR wheel system is to attach a motor at
the central hub that directly applies a torque to the inertia device, as seen in Fig. 5.1.
Providing a torque to the central shaft would increase the angular velocity and change
the angular position of the inertia device during the actuation time. A central motor
would only be able to power the ICR wheel during double stance. Trying to actuate
the system during single stance would result in the reactionary torque on the frame
impeding the motion of the system.
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Fig. 5.1: Central motor diagram. A motor attached to the frame creates a torque on the inertia
device.
5.2.1 Free Body Diagram
The equations of motion of the Central Motor System only deviate from the tra-
ditional ICR wheel system during double stance. For the purpose of analysis, the
motor is assumed massless and without bearing friction. The free body diagrams of
the system can be observed in Figs. 5.2 and 5.3.
Using the free body diagrams, the force balance for the system can be generated,
as seen in Eqns. 5.1, 5.2, and 5.3 for the frame and Eqns. 5.4, 5.5, and 5.6 for the
inertia device. In these equations, the Central Motor torque, MM , is assumed to be
constant and perfectly controlled.
∑
Fıˆ : Wx +Rx = 0 (5.1)∑
Fˆ : FL +Ry −Wy −mfg = 0 (5.2)
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Fig. 5.2: Free body diagram of the frame for a Central Motor ICR wheel system. MM is the moment
applied to the frame by the torque of the motor.
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Fig. 5.3: Free body diagram of the inertia device for a Central Motor ICR wheel system. MM is the
moment applied to the frame by the torque of the motor.
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∑
Mkˆ/“o” : MM +Mw
+L cos(β)(Wy +mfg)
−L sin(β)Wx − FLsL = 0 (5.3)
∑
Fıˆ : −Wx = 0 (5.4)∑
Fˆ : Wy −mwg = 0 (5.5)∑
Mkˆ/“com” :MD −Mw +MM = −Iwθ¨ (5.6)
Assuming that the central motor provides a torque to the system throughout the
double stance phase, the lift off phase will also be affected. The equation for lift off
for a Central Motor ICR wheel system is depicted in Eqn. 5.7.
θl =
Lmtg
kt
cos(β0)− MM
kt
(5.7)
5.2.2 Central Motor System Results
Using the parameters in Table 5.1, Figs. 5.4, 5.5, 5.6, and 5.7 can be numerically
simulated. These figures show that the system’s motion is not collisionless, but they
system is periodic. With the listed parameters, the system has a COT of about 0.3426
on level ground.
5.2.3 Central Motor Design Challenges
A physical prototype for the Central Motor ICR wheel design was attempted by
Senior Design Team P13211 at Rochester Institute of Technology [29]. They were
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Fig. 5.4: Angular position of the frame over time for a Central Motor System on level ground in
periodic motion.
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Fig. 5.5: Frame angular position over time for periodic motion of a Central Motor System on level
ground.
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Fig. 5.6: Angular position of the inertia device relative to the angular position of the frame over
time for a Central Motor System in periodic motion.
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Fig. 5.7: Inertia device angular velocity relative to the angular velocity of the frame over time for
an ICR wheel in periodic motion with a Central Motor System.
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Parameter Value
n 5
L 0.4253 m
kNL* 440
Nm
rad
rH* 0.0284 m
Lpen* 0.26 m
pdL* 0.015 m
g 9.8 m
s2
mf 1.238 kg
mw 0.643 kg
If 0.0951 kg ·m2
Iw 0.0379 kg ·m2
MM 0.328 Nm
γ 15 deg
cv 0.004
Nms
rad
θ0 0 rad
θ˙0 38.5871
rad
sec
β0 1.0297 rad
β˙0 0
rad
sec
Table 5.1: Table of values for a periodic, viscously damped ICR wheel undergoing a Central Motor
System of actuation. *Note: these non-linear spring parameters are explained in Appendix A.
not successful in creating a walking prototype with this design; they found that the
bearing friction on the motor was a significant source of friction on the system, and
any energy added by the motor would not be beneficial due to the resulting friction
enacted on the system.
The physical drawback of having a Central Motor System is the coupling of the
motor to the central shaft. Even though the motor is only providing power during
part of the cycle, the motor shaft must move with the central shaft of the inertia
device throughout the entire step. A mechanical means of only having the motor
engaged through part of the cycle may reduce the inherent friction such a system
would present, has yet to be investigated.
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frame
inertia
device
link
peg
offset
motor
Fig. 5.8: Offset Motor System of actuation. The link is attached to the offset motor, which is in
turn attached to the frame. The peg, attached to the wheel, and link can make contact.
5.3 Offset Motor System
Addressing the issues of a central motor raised in Section 5.2, an actuation scheme
was designed for which a motor could affect the angular position of the inertia device
during double stance without directly being coupled to the central shaft. The Offset
Motor System of actuation, shown in Fig. 5.8, consists of a motor attached to the
frame with a small link. A peg is added to the inertia device, and the link and peg
can make contact.
The Offset Motor System is very geometrically dependent, unlike the Central
Motor System. The Offset Motor System is designed to account for the loss in rotation
of the inertia device during a cycle due to the viscous damping. Without external
interference, the peak rotational amplitude of the inertia device will be some value
less after a step than it’s original amplitude. The Offset Motor System accounts for
this discrepancy and is designed to “catch” the inertia device on its second peak and
return the inertia device to the original peak value. With the inertia device at its
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original peak value, the system will be able to take another step, identical to the
first one. In this manner the ICR wheel system will be able to continue to walk
indefinitely on level ground. A major benefit of this system is the ability to “pause”
the phases of motion of the ICR wheel. It does not matter to the motion how long
the Offset Motor System takes to bring the inertia device back to the original peak.
For purposes of analysis, it is assumed that the Offset Motor System is massless; the
impact between the peg and link is negligible; and the motor travels at a uniform,
extremely low speed.
The most complex aspect of the Offset Motor System is the geometry. Precise
information about where the initial peak value for a step and the secondary peak
value after a step must be known. The position of the peg will be determined by the
position of the offset motor on the frame and the angle the inertia device must be
brought back to. The necessary angles are depicted in Figs. 5.9 and 5.10. In these
equations, ε0 is the angular position offset of the peg relative to the position of the
inertia device θ. ε1 is the angle of the peg relative to the frame. The length of the
peg is rL; the distance from the peg to the center of mass is ro1; the distance from
the motor to the center of mass of the system is ro2; and the distance from the peg
to the pivot foot is ro3. The geometric values of rL, ro1, and ro2 are assumed known.
Point “a” is the position of the peg, point “b: is the position of the offset motor, and
point “o” is the position of the pivot foot. The geometry of the Offset Motor System
can be broken into two sections: intersecting geometry and moving geometry. Each
of these sections are necessary in determining the motion of the Offset Motor System.
5.3.1 Intersecting Geometry
The first piece of necessary information in determining the geometry of the system is
finding where the link and peg system will intersect. The system should be designed
so that the first intersecting point matches the second peak of the inertia device after a
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“o”
Fig. 5.9: Geometry of the peg in the Offset Motor System.
ε2
ε3
βo “b”
“o”
rL
ro2
Fig. 5.10: Geometry of the motor and link in the Offset Motor System.
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r02
Fig. 5.11: Supplemental angles used in calculation for the Offset Motor System. The dotted lines
represent the possible path of motion for the peg (ro1) and the end of the link (rL).
step, and the second intersecting point will match the initial peak of the inertia device
before a step. The angle that the inertia device must travel during this process, 2ε4
must be known. Assuming that the distances ro1 and ro2 are also known (determined
by the design), the length of the link can be calculated, as seen in Eqn. 5.8. From here,
the angular position of the offset motor can also be determined, as seen in Eqn. 5.9.
The geometry used in these equation is illustrated in Figs. 5.11 and 5.12.
rL =
√
r2o1 + r
2
o2 − 2(ro1ro2) cos(ε4) (5.8)
ε3 = pi − (β0 + ε1 + ε4) (5.9)
Knowing the angles ε4 and ε3, the angle of intersection for the link, ε2 can be
determined, as seen in Eqns. 5.10 through 5.13.
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Fig. 5.12: Supplemental angles used to calculate the angular position of the link.
rL
sin(ε4)
=
r01
sin(ε5)
(5.10)
ε5 = arcsin
(
ro1 sin(ε4)
rL
)
(5.11)
ε6 = pi − ε5 (5.12)
ε2 = ε3 + ε6 (5.13)
5.3.2 Moving Geometry
As the link moves the peg from one intersecting point to the other, several angles
and distances change. The position on the link that the peg and link intersect shifts
over the course of the motion. The primary angle that change is ε2, which drags
the position of the inertia device with it through the force interaction of the peg and
link. In this section, an angle that is changing will be given an M subscript, such as
ε2M . The variable distance from the motor to the intersecting point is denoted as rD.
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Eqns.
ε6M = ε2M − ε3 (5.14)
ε5M = pi − ε6M (5.15)
sin(ε5M)
ro1
=
sin(pi − ε4M − ε5M)
ro2
(5.16)
ε4M = ε5M − arcsin(ro2
ro1
sin(ε5M))− pi (5.17)
sin(ε5M)
ro1
=
sin(ε4M)
rD
(5.18)
rD =
ro1 sin(ε4M)
sin(ε5M)
(5.19)
5.3.3 Free Body Diagrams
Using the geometry detailed in sections 5.3.1 and 5.3.2, the free body diagram can
be meaningfully interpreted for the system. Fig. 5.13 shows the free body diagram
of the frame with the accompanying equations detailed in Eqns. 5.20, 5.21, and 5.23.
In these equations, Mo is the torque applied by the offset motor.
∑
Fıˆ : Wx − Px +Rx (5.20)∑
Fˆ : FL +Ry −Wy − Py −mfg (5.21)
(5.22)
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Mw
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Fig. 5.13: Free body diagram of the frame for the Offset Motor System.
∑
Mkˆ/“o” : Mo +Mw
+L cos(β0)(Wy +mfg)
−L sin(β0)Wx
+(L sin(β0) + ro2 sin(ε3))Px
+(L cos(β0)− ro2 cos(ε3))Py = 0 (5.23)
The free body diagram for the inertia device is depicted in Fig. 5.14, with the
force balance equations listed in Eqns. 5.24, 5.25, and 5.27.
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Fig. 5.14: Free body diagram of the inertia device for the Offset Motor System.
∑
Fıˆ : −Wx + Fx = 0 (5.24)∑
Fˆ : Wy + Fy −mwg = 0 (5.25)
(5.26)
∑
Mkˆ/“com” : MD −Mw
+ro1 cos(pi − β0 − ε1M)Fy
−ro1 sin(pi − β0 − ε1M)Fx = 0 (5.27)
The free body diagram for the link and motor system is depicted in Fig. 5.15, with
the force balance equations listed in Eqns. 5.28, 5.29, and 5.30.
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Fig. 5.15: Free body diagram of the link and motor for the Offset Motor System.
∑
Fıˆ : Px − Fx = 0 (5.28)∑
Fˆ : Py − Fy = 0 (5.29)∑
Mkˆ/“b” : −MD − rD cos(ε2M) + rD sin(ε2M) (5.30)
5.3.4 Energy Requirements Approximation
A full simulation of the Offset Motor System has not yet been performed, but the en-
ergy required for the system can be approximated. However, the energy requirement
for the system can be estimated. Taking the torsional force of the spring system on
the inertia wheel when the peg and link intersect, To, and multiplying that torsional
force by the angular displacement 2ε4, an approximation on the work required to be
done to the ICR wheel can be found, as seen in Eqn. 5.31.
Eapprox = 2To · ε4 (5.31)
To reiterate, Eqn. 5.31 is not an exact value for the work required of the Offset
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Motor System, it is an estimate based on what is required to move the inertia wheel
system to achieve periodic motion. The set-up and geometry of the Offset Motor
System could drastically change the efficiency of the actuation system.
5.4 Frame Link System
Actuating the frame is a bit more of a design challenge than providing actuation to the
inertia device, especially considering the restrictions placed on an actuation system
listed in Section 5.1. However, a relatively simple design as shown in Fig. 5.16, called
the Frame Link System, could be used to actuate the ICR wheel. In this system, a
motor located at the center of mass of the frame is connected to a pivot link. Turning
the pivot link pushes the support link against the ground link, providing a torque
on the frame. Each of these links are pinned to one another, and the ground link
is pinned to the pivot foot. The ground link does not lift off the ground during
actuation and does not slide against the ground. For analysis purposes, the links are
each considered massless and the pin joints between each link are considered to be
perfectly frictionless. In a practical design, the length of the links would be limited so
that the Frame Link System profile fits within the perimeter of the geometric frame.
In investigating how the motion of this system behaves, an interesting phenomenon
was observed. When the link system is engaged the frame travels in the −kˆ direction.
If the inertia device is also rotating in the −kˆ direction, as it does during the double
stance phase before the lift off phase, the frame will effectively unwind the inertia
device. The moment enacted on the frame and inertia device is dependent on the
relative angle between the frame and inertia device. Having a system unwind the
torsional spring system robs the system of the springs potential energy; resulting in
negative work done by the system of actuation.
The only way to have the Frame Link System provide purely positive work to
the ICR wheel system is to wait until the inertia device is traveling in the positive kˆ
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frameinertia
device
pivot
link
support 
link
ground 
link
Fig. 5.16: Frame Link System for actuating an ICR wheel system. This diagram only shows one
Link System for one leg, a full design would include a link system for each leg.
direction, which will not occur until after the single stance phase has begun. Only
then will the Frame Link System effectively “re-wind” the torsional spring system,
providing energy to the system. This revelation demands a new phase of motion in
order for the system of actuation to properly power the ICR wheel.
5.4.1 Quasi-Double Stance, Free Body Diagram
The Quasi-Double stance phase is a phase of motion beginning during the single
stance phase, once the angular velocity of the inertia device has reached zero and the
inertia device begins rotating in the positive kˆ direction. At this time, the actuation
is engaged and a torque is provided to the frame via the pivot system. Figs. 5.17
and 5.18 show the free body diagram of the frame and inertia device during the quasi
double stance phase.
The force balance for Figs. 5.17 are shown in Eqns. 5.32, 5.33, 5.34, and the force
balance for Fig. 5.18 are represented in Eqns. 5.35, 5.36, 5.37.
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Fig. 5.17: Free body diagram of the frame during Quasi-Double stance.
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MwMD
Fig. 5.18: Free body diagram of the inertia device during Quasi-Double stance.
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∑
Fıˆ : Rx +Wx + Lx1 + Lx4 = Lmf β¨x (5.32)∑
Fˆ : −mfg −Wy − Ly1 + Ly4 +Ry = Lmf β¨y (5.33)
∑
Mkˆ/“o” : Ml +Mw
+L cos(β)(Ly1 +Wy +mfg)
−L sin(β)(Lx1 +Wx) = If β¨ (5.34)
∑
Fıˆ : −Wx = Lmwβ¨x (5.35)∑
Fˆ : −mwg +Wy = Lmwβ¨y (5.36)∑
Mkˆ/com : MD −Mw = Iw(θ¨ + β¨) (5.37)
MD = cv(β˙ + θ˙) (5.38)
A free body diagram of the frame and inertia device are not enough for simulation,
the forces acting on the links are also necessary to determine the path of motion of
the system. Figs. 5.19, 5.20, and 5.21 show the free body diagram of the links during
the Quasi-Double stance phase as well.
The resulting force balance and the relationships between the forces for the links
are show in Eqns. 5.39 through 5.56. In all of the pivot equations, the mass of the
pivots are assumed to be zero, so the force balance is set equal to zero. In these
equations, the lengths of the links, rc, rp, and rg, are assumed to be known, and
the moment acted upon the pivot link, ML, is assumed to be constant and perfectly
controlled during the Quasi-Double stance phase.
126
α1
Ly1
Ly2
rc
ML
Lx1
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Fig. 5.19: Free body diagram of the pivot link during Quasi-Double stance.
α2
Ly2
Lx2
Ly3
Lx3
rp
Fig. 5.20: Free body diagram of the support link during Quasi-Double stance.
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Fig. 5.21: Free body diagram of the ground link during Quasi-Double stance.
The pivot links equations are shown in Eqns. 5.39 through 5.44.
∑
Fıˆ : −Lx2 − Lx1 = 0 (5.39)∑
Fˆ : Ly2 + Ly1 = 0 (5.40)
∑
Mkˆ/“a” : −ML − rcLy2 cos(α1)
+rcLx2sin(α1) = 0 (5.41)
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Lx2 = −Lx1 (5.42)
Ly2 = −Ly1 (5.43)
ML = (Lx2sin(α1)− Ly2 cos(α1))rc (5.44)
The support links equations are shown in Eqns. 5.45 through 5.50.
∑
Fıˆ : Lx2 + Lx3 = 0 (5.45)∑
Fˆ : −Ly2 + Ly3 = 0 (5.46)
∑
Mkˆ/“b” : −rpLx3 cos(α2)
+rpLy3 sin(α2) = 0 (5.47)
Lx3 = −Lx2 (5.48)
Ly3 = −Ly2 (5.49)
Lx3 = Ly3 tan(α2) (5.50)
The ground links equations are shown in Eqns. 5.51 through 5.56.
∑
Fıˆ : −Lx4 − Lx3 = 0 (5.51)∑
Fˆ : Ly3 − Ly4 + P = 0 (5.52)
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Fig. 5.22: Geometry of the Frame Link System.
∑
Mkˆ/“o” : −Prg − Ly3rg = 0 (5.53)
Lx3 = −Lx4 (5.54)
Ly3 = −Ly4 − P (5.55)
P = −Ly3 (5.56)
Even though the lengths of the links are known, the angles between the links
must be determined through geometry. Figs. 5.22 and 5.23 show the geometry of an
arbitrary Frame Link System so that the necessary angles for the force balances can
be calculated.
From the geometry shown in Fig. 5.22, the angles α1, α2, and α3 can be determined
for a Frame Link System with links of any arbitrary length. Eqns. 5.57 through 5.59
are used to determine angle α3; Eqns. 5.60 through 5.69 are used to determine angle
α2; and then Eqn. 5.70 shows the calculation for α1.
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Fig. 5.23: Partial geometry of the Frame Link System.
l1 = r
2
g + L
2 − 2rgL cos(β) (5.57)
sin(α3)
L
=
sin(β)
l1
(5.58)
α3 = arcsin
(
L sin(β)
l1
)
(5.59)
l1 = l2 + l3 (5.60)
r2p = l
2
2 + l
2
4 (5.61)
r2c = l
2
3 + l
2
4 (5.62)
r2c = (l1 − l2)2 + l24 (5.63)
r2c = l
2
1 − 2l1l2 + l22 + l24 (5.64)
r2c − r2p = l21 − 2l1l2 (5.65)
l2 =
l21 + r
2
p − r2c
2l1
(5.66)
α4 = arccos
l2
rp
(5.67)
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Parameter Value
n 5
L 0.4253 m
kNL* 440
Nm
rad
rH* 0.0284 m
Lpen* 0.26 m
pdL* 0.015 m
g 9.8 m
s2
mf 1.238 kg
mw 0.643 kg
If 0.0951 kg ·m2
Iw 0.0379 kg ·m2
ML 1.71 Nm
cv 0.004
Nms
rad
rc 0.25 m
rp 0.5656 m
rg 0.3 m
αe 0.65 rad
θ0 0 rad
θ˙0 26.8025
rad
sec
β0 1.0297 rad
β˙0 0
rad
sec
Table 5.2: Table of values for a periodic, viscously damped ICR wheel undergoing a Central Motor
System of actuation. *Note: these non-linear spring parameters are explained in Appendix A.
−→
ob = (−rg + rp cos(α3 + α4))ˆı+ (rp sin(α3 + α4))ˆ (5.68)
α2 =
pi
2
− (α3 + α4) (5.69)
α1 = arccos
(
rg − L cos(β)− rp sin(α2)
rc
)
(5.70)
5.4.2 Frame Link System Results
Using the parameters in Table 5.1, Figs. 5.24, 5.25, 5.26, and 5.27 can be numerically
simulated. These figures show that the ICR wheel with this Frame Link System is
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Fig. 5.24: Angular position of the frame over time for a Frame Link System. Annotations relate to
the phases of motion the system is experiencing.
not collisionless, but the system is periodic. The COT for this set of parameters is
0.043 on level ground..
5.4.3 Frame Link Design Challenges
The Frame Link System may perhaps be one of the simplest actuation design that
directly affects the frame while keeping the ICR wheel system the primary source
of motion, but it is still fairly complex and requires a very precise control sequence.
Also, although one link system may have a mass fairly negligible compared to the
total mass of the ICR wheel, a full prototype will require at least as many link systems
as there are legs, and possibly twice as many link systems as there are legs depending
on the three dimensional design. For so many links, the massless assumption comes
under scrutiny, and the design may simply not be practical.
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Fig. 5.25: Frame angular position over time for periodic motion of a Frame Link System. Annotations
relate to the phases of motion the system is experiencing.
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Fig. 5.26: Angular position of the inertia device relative to the angular position of the frame over
time for a Frame Link System in periodic motion.
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Fig. 5.27: Inertia device angular velocity relative to the angular velocity of the frame over time for
an ICR wheel in periodic motion with a Frame Link System.
5.5 Reaction Device System
In Section 4.4.1, the connection between collisionless walking and symmetric motion
was shown. This relationship suggests that in order for a system with continuous
frictional losses, a continuous energy source must be supplied. In Sections 5.2, 5.3,
and 5.4, by necessity, the systems of actuation were only able to supply power to
the system at set times in the cycle. However, it is possible to create a system of
actuation that can supply power to the device constantly throughout the step to
perfectly counterbalance the frictional forces experienced by the inertia device.
5.5.1 System Design
The Reaction Device System depends on an secondary inertia device, which will be
called the “reaction device”. As seen in Chapter 4, the friction model for the system
necessitates a constant resistant moment on the inertia device, as seen in Eqn. 5.71.
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frame
inertia device
reaction
device
Fig. 5.28: Side view of the Reaction Device System.
MD = −cvθ˙ (5.71)
If an additional moment were to be acted on the inertia device, equal in magnitude
and opposite in direction to the damping moment, the frictional system would again
resemble the idealized, frictionless model seen in Chapter 2. This additional moment
could be supplied by having the inertia device push against the reaction device. An
example of how this actuation could be achieved is shown in Figs. 5.28 and 5.29.
Knowing the frictional force and system parameters, the moment applied to the
inertia device is easily calculated, as seen in Eqns. 5.72, 5.73, and 5.72.
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motor
Fig. 5.29: Close up view of Fig. 5.28. This setup has the inertia device and reaction device coupled
by a motor and pulley system.
MRD = IRDαRD (5.72)
MRD = −MD (5.73)
αRD =
cvθ˙
IRD
(5.74)
The motor attached to the inertia device simply needs to affect the reaction device
in this way, and the inertia device will again resemble frictionless motion. In this
model, although the reaction device has rotational inertia, it as assumed massless.
5.5.2 Reaction Device System Results
Using the parameters listed in Table 5.3, Figs. 5.30, 5.31, 5.32, and 5.33 can be
numerically generated. What these figures show, is that even though the system is
experiencing a damping force on the inertia device, the reaction device allows for the
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Parameter Value
n 6
L 0.3935 m
kNL* 440
Nm
rad
rH* 0.0635 m
Lpen* 0.2413 m
pdL* 0.005 m
g 9.8 m
s2
mf 1.438 kg
mw 1.803 kg
If 0.0851 kg ·m2
Iw 0.0984 kg ·m2
IRD 0.05 Nm
cv 0.003
Nms
rad
θ0 0 rad
θ˙0 17.8566
rad
sec
β0 1.0472 rad
β˙0 0
rad
sec
Table 5.3: Table of values for a periodic, viscously damped ICR wheel undergoing a Reaction Device
System of actuation. *Note: these non-linear spring parameters are explained in Appendix A.
system to undergo periodic, collisionless motion, with a system COT of 0.0233.
5.6 Powered Devices Conclusion
Countless possible actuation schemes exist that will allow for the Inertia Coupled
Rimless wheel to walk. However, some actuation systems will perform better than
others. The Central Motor System in Section 5.2 attempted to provide power to
the ICR wheel by increasing the rotational velocity of the inertia device. However,
increasing the rotational velocity also increases the frictional moment applied to the
inertia device. As a result, the Central Motor System has a cost of transport greater
than a passive system on a ramp. Furthermore, the Offset Motor System in Section
5.3, although avoiding the issue of increased angular velocity, completely ignores
the damping issue altogether. A system that does not try to actuate the inertia
device at all, but rather attempts to supply power directly to the frame, such as the
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Fig. 5.30: Angular position of the frame over time for a Reaction Device System on level ground in
periodic motion.
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Fig. 5.31: Frame angular position over time for periodic motion of a Reaction Device System on
level ground.
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Fig. 5.32: Angular position of the inertia device relative to the angular position of the frame over
time for a Reaction Device System in periodic motion.
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Fig. 5.33: Inertia device angular velocity relative to the angular velocity of the frame over time for
an ICR wheel in periodic motion with a Reaction Device System.
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Frame Link System in Section 5.4, has a lower inherent COT. Unfortunately, the
Frame Link System requires a complicated control scheme and a series of additional
parts which will add mass and may resist the motion of the ICR wheel. Thus, even
though in simulation the Frame Link System is capable of energy efficient locomotion,
its assumptions may not perfectly translate into a physical prototype. Beyond the
physical limitations of these prototypes, all of these models require a collision to take
place, which will dissipate system energy. The Reaction Device System in Section 5.5
directly combats the friction effects on the system motion to regain the collisionless
walking seen in Chapter 2. This Reaction Device System of actuation allows for
the frictional forces to be the only source of loss from the system. In addition, the
frictional forces of the system can be lowered by following methods of slowing down the
inertia device seen in Section 4.3. Thus, a collision can both be avoided with a system
of actuation, and the frictional forces inherent in the system can be minimalized.
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Chapter 6
Conclusions and Recommendations
The work presented in this thesis can be used as a foundation for future studies in
creating the most energy efficient walking robot possible. Knowing that the Inertia
Coupled Rimless wheel is capable of collisionless motion in ideal circumstances has
lead to the understanding of non-ideal conditions the system may experience. With a
more accurate model of how physical prototypes may behave, a system was designed
that allows the ICR wheel to perform collisionless motion in simulation that could
translate to a real-world environment.
6.1 Summary of Conclusions
 Idealized Passive Model (simulation)
1. Stability of level ground motions is half stable.
2. ICR wheel can have asymptotically stable and unstable periodic motions
down a ramp
 Energy Loss Experiments
1. Inertia device follows a viscously damped, oscillating motion about its cen-
ter of mass.
2. Air drag contributes to the energy losses in the system.
3. The disk inertia device design has been shown to have a non-dimensional
damping coefficient less than that of the pendulum design.
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4. Five-legged pendulum prototype has a COT of 0.249.
5. Six-legged disk prototype with fairing has a COT of 0.052.
 Passive Model with Friction (simulation)
1. At minimum slope, the system has half stable motions.
2. Above minimum slope, the system is capable of asymptotically stable and
unstable motions.
3. The system’s COT can be reduced by changing system parameters (study
done for spring stiffness and geometric size).
4. For an ICR wheel system to have collisionless walking, the system energy
of the device must be symmetric about the midpoint of its motion.
 Actuated Models with Friction (simulation)
1. Central Motor System of actuation is capable of half stable, periodic walk-
ing with a collision and a COT of 0.343.
2. Frame Link System of actuation is capable of half stable, periodic walking
with a collision and a COT of 0.043.
3. Reaction Device System of actuation is capable of half stable, periodic, and
collisionless walking with a COT of 0.023.
6.2 Detailed Conclusions
Energy must be expended in order for a device to walk over level ground. Most passive
dynamic walkers are expected to lose energy from collisions and any frictional losses
will be minor in comparison. The Inertia Coupled Rimless wheel is designed to be
perfectly energy efficient over level ground in idealized circumstances, and therefore
any energy losses drastically change how the system behaves. Knowing how the
system acts in simulation versus predicting how a prototype will perform are vastly
different scenarios for the ICR wheel. Even though non-conservative forces are often
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neglected for PDW systems, the ICR wheel design is useless in practical applications
without an understanding of how frictional forces change the system’s behavior.
Before frictional forces can be considered within the system, the behavior of the
system must first be properly understood. The ICR wheel motion is known to be
periodic and collisionless [19], but little else about the system has been previously
examined. Looking at the iterated maps for the model reveals that on level ground
and without friction, the ICR wheel is half stable. This stability indicates that if the
system is given too much energy for periodic motion, within a range, it will converge
to periodic motion after a number of steps. Fascinatingly, these non-periodic steps
must have collisions which will dissipate energy. However, the collisional losses will
reduce in magnitude until the system is operating in periodic and collisionless motion.
On a slope, the system’s motion is asymptotically stable; it can be given more or less
energy than what is required for periodic walking, again within a range, and the
system will converge to periodic motion. Not only is the ICR wheel system on level
ground capable of periodic and collisionless walking, the system also allows for a
deviation in periodic conditions and will still return to collisionless motion.
A physical prototype cannot possible walk on level ground indefinitely. A phys-
ical system will have non-conservative forces that reduces a device’s system energy
and will change a system’s path of motion. From experimentation, the ICR wheel’s
inertia device was found to follow a viscously damped oscillation. Air drag is likely a
formidable force of friction within the system, and designs which considered a more
aerodynamic approach were shown to perform with less damping. The pendulum
design in the five-legged prototype had a much larger non-dimensional damping co-
efficient than the disk design in the six-legged model. The six-legged model was
also shown in ramp trials to have a much lower COT than the five-legged prototype,
operating at a quarter of the slope compared to its five-legged counterpart. Identify-
ing how the inertia device behaves in practical experimentation allows for simulated
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modeling to account for frictional losses.
Simulations show that a passive ICR wheel device is not capable of traversing level
grounds once friction is introduced to the model. The collisionless and symmetric
motion that a frictionless system can exhibit is lost once non-conservative forces
are considered. However, even with viscous friction acted upon the inertia device,
the model is still capable of traversing slanted ground with half stable and periodic
motion. Furthermore, a parameter search has shown that the a system’s geometric
and physical properties will affect the minimum ramp angle the design can walk on,
without directly changing the viscous damping coefficient. Although a passive ICR
wheel model with friction will dissipate energy, the system is capable of periodic,
slanted ground transport.
Actuated designs can allow for an ICR wheel with friction to traverse level ground.
However, just as changing the ICR wheel’s parameters affect its passive minimal slope,
changing the system’s form of actuation changes the minimal COT. A comprehensive
search into each design scheme was not performed, but the simulations showed that
different types of actuation resulted in different COT’s. Furthermore, each of the non-
symmetric forms of actuation: the Central Motor System, Offset Motor System, and
the Frame Link System each require a collision in their periodic motion. However, it is
possible to design a system of actuation that is active throughout the step and allows
for collisionless motion of the system. Such forms of actuation, like the Reaction
Device System, only has frictional forms of energy loss. Not all forms of actuation
are equal in their energy conservation, and careful consideration must be made in
designing actuation schemes that enhance the systems performance and encourages
collisionless motion.
The energy efficiency of a robotic system is critical to it’s usefulness. Wheeled
devices are inherently more energy efficient than walking designs over level ground,
simply because walking designs demand an impact. Creating an ICR wheel prototype
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that is capable of level ground transport without a collision would be revolutionary
in the field of robotics, and simulation has shown that this goal is feasible, even
considering non-conservative forces. As the demand for walking robots increases,
the attention to how these devices perform will be magnified. The Inertia Coupled
Rimless wheel demonstrates that a robotic walking device can walk on level ground
while avoiding energy losses from collisions and while minimizing energy losses from
friction.
6.3 Recommendations for Future Work
The work presented in this thesis has shown that the Inertia Coupled Rimless wheel
is capable of slanted ground walking with a cost of transport just greater than 0.05
with an experimental prototype. However, an increased understanding of exactly
what forms of friction act on the system could further reduce the COT for ramp
walking prototypes. Even though a viscously damped model was found appropriate
to describe the motion of the system, the direct affect of frictional forces on the ICR
wheel were not completely identified. Understanding the cause and magnitude of
friction could lead to better designed models. Furthermore, current prototypes rely
on a suitable basin of attraction in asymptotically stable ramp motion. Future ICR
wheel prototypes could be made more repeatable and reliable by integrating sensor
data with a user-interface to accurately detail the initial conditions of the system.
Physical prototypes would benefit both from improved designs that took all frictional
forces into consideration as well as the human element of testing.
Methods of actuation, such as the Reaction Device System, need to be tested with
physical prototypes. The viscous model of motion was determined based on a passive
system, but adding actuation could present new frictional components that alter how
the system behave. How a system of actuation will actually effect a system is hard to
predict as assumptions vary in appropriateness depending on execution. An in-depth
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parameter search using the simulations could also greatly increase the understanding
of how different actuation parameters effect a powered ICR wheel’s cost of transport.
Once the accuracy of simulation is confirmed by testing physical models, exam-
ining control algorithms could improve the energy efficiency of these devices. The
actuation schemes in this thesis were intentionally simple to control, while a complex
control algorithm may help to improve system performance. Understanding exactly
when the ICR wheel system needs power applied will help prevent system energy
from being wasted.
Level ground walking should not be the only benchmark for an actuated ICR wheel
system. Given controls and sensor information, the ICR wheel could easily travel over
rough terrain with enormous energy efficiency. For whatever future actuation systems
are designed and tested, the possibility of uneven and rough terrain should not be
overlooked.
Once a working prototype for a powered ICR wheel system is created and proven to
be energy efficient, a bipedal design could be developed. The ICR wheel in itself is not
mechanically complex enough to be practical in most situations. The benefits of the
lessons learned from the ICR wheel will only reach fruition when they are proven to be
consistent in bipedal systems following similar motions. The ICR wheel is a stepping
stone meant to prove the existence of energy efficient motion. If actuated prototypes
can show that energy efficient motion is possible on level ground, these motions should
be applied to a bipedal robot. Although extraordinarily challenging, the concept of a
naturally collisionless-motion, two legged walking robot could revolutionize the field
of robotics. [26].
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Appendix A
Non-Linear Torsional Spring Model
In prototype designs, using a traditional torsional spring with a constant spring rate
is often challenging. Finding a torsional spring with sufficient stiffness and range
of deflection is not always possible. Linear springs are much more commercially
available with an enormous range of parameter values. For these reason, the ICR
wheel prototypes were constructed using a non-linear torsional spring model. This
model uses linear tension springs and Kevlar string, which wrap around a central
drum to provide a torsional moment between the frame and inertia device. Fig. A.1
depicts a sectioned diagram of this model, where rH is the drum radius, and Lpen+rH
is the distance from the center of mass to the point where the torsional spring connects
to the inertia device. The spring and Kevlar string set up would be attached to the
drum, and angular deflections of the inertia device will stretch the linear spring. The
amount that the linear spring deflects is not linearly related to the angle of deflection
of the inertia device, θ, until a critical angle, ±θt. When the inertia device rotates
past θt, the moment experienced by the spring system becomes linearly related to
the angular deflection. An example of the non-linear spring system in a physical
prototype is shown in Fig. A.3.
A.1 Non-Linear Deflection
When the absolute value of rotation for the inertia device is less than θt, the moment
experienced by the torsional spring model will be non-linear. Figs. A.1 and A.2 show
the relevant angles in calculating the moment applied to the frame due to the rotation
of the inertia device. For this model, rH , Lpen, and θ are known; ∆l is the deflection
of the springs. Eqn. A.1 shows the governing equation for the geometry.
(Lpen + ∆l)
2 = r2H + (rH + Lpen)
2 − 2rH(rH + Lpen) cos(θ) (A.1)
Solving Eqn. A.1 in Eqns. A.2 and A.3 yields the deflection of the springs during
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drum
inertia device path
rH 
rH 
Lpen 
Lpen+Δl 
θ
Fig. A.1: Sectioned diagram depicting the non-linear torsional spring model. Changes to angle θ
cause a direct, non-linear change to the value of ∆L.
rH 
rH + Lpen  
Lpen+Δl 
θ ω
Fig. A.2: Detailed geometry of figure shown in Fig. A.2.
Fig. A.3: Close up view of the six legged rimless wheel mentioned in Chapter 3. Shows the non-linear
spring system, including the linear springs and drums.
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the non-linear section of rotation, seen in A.4.
L2pen+2∆lLpen+(∆l)
2 = r2H+r
2
H+2rHLpen+L
2
pen−2r2H cos(θ)−2rHLpen cos(θ) (A.2)
(∆l)2 + 2∆lLpen + (r
2
H(2 cos(θ)− 2) + rHLpen(2 cos(θ)− 2)) = 0 (A.3)
∆l = −Lpen ±
√
L2pen + r
2
Hr
2
H(2 cos(θ)− 2) + rHLpen(2 cos(θ)− 2) (A.4)
Eqns. A.5 and A.6 solves for the angle ω.
sin(ω)
rH
=
sin(θ)
∆l + Lpen
(A.5)
ω = arcsin
(
rH sin(θ)
∆l + Lpen
)
(A.6)
Knowing the deflection of the springs, ∆l, and the spring stiffness, kt, and the
angle the force is applied in, ω, the moment applied to the frame can be calculated,
as seen in Eqn. A.7
M = ∆lkt sin(ω) (A.7)
A.2 Critical Angle
The non-linear torsional spring mechanism undergoes a transition once the linear
string-spring system begins to wrap around the drum. The angle that this transition
occurs, θt must be calculated. The transition begins when triangle in Fig. A.2 forms
a right angle, and can be solved for θt as seen in Eqn. A.8. At this time, the current
deflection will be set to δlt.
θt = arccos
(
rH
Lpen + rH
)
(A.8)
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A.3 Linear Deflection and “Pre-Stretch”.
After the inertia device has rotated beyond the critical angle, θt, the spring system
will begin to stretch linearly. The moment applied to the frame by the deflection of
the inertia device during this section is shown in Eqn. A.9.
M = (∆lt + rhθ)kt sin(ωt) (A.9)
All of the equations in this chapter assume that the springs are not stretched
when θ is equal to zero. However, it is possible, and sometimes beneficial, to include
a “pre-stretch” in models, where at θ equal to zero, the springs are stretched by a
certain amount. If the springs are pre-stretched, add the distance of the stretch to
the values of ∆l calculated in Eqn. A.4.
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Appendix B
Derivation of Equations of Motion
The equations of motion seen in this thesis were derived using the following formu-
las. These formulas are generic to the passive Inertia Coupled Rimless Wheel with
friction considerations for single stance. During double stance, the angular velocity
and acceleration of the frame is held to zero. Methods of actuation numerically de-
termined the equations of motion. For instances of frictionless motion, such as what
was discussed in Chapter 2, the damping term was set to zero.
The summation of forces for the frame are shown in Eqns. B.1 through B.3, and
the summation of forces for the inertia device are shown in Eqns. B.4 through B.6.
∑
Fıˆ : Wx +Rx = mf (
−→a com · ıˆ) (B.1)∑
Fˆ : Wy +Ry −mfg = mf (−→a com · ˆ) (B.2)
∑
Mkˆ/“com” : −Mw + L cos(β)Ry
+L sin(β)Rx = −If β¨ (B.3)
∑
Fıˆ : −Wx = mw(−→a com · ıˆ) (B.4)∑
Fˆ : −Wy −mwg = mw(−→a com · ˆ) (B.5)∑
Mkˆ/“com” : Mw + cv(θ˙ + β˙) = −Iw(θ¨ + β¨) (B.6)
The acceleration vector for the center of mass about the pivot point (“o”) is seen
in Eqn. B.8.
155
−→a com = [Lβ˙2 cos(β) + Lβ¨ sin(β)]ˆı (B.7)
+ [−Lβ˙2 sin(β) + Lβ¨ cos(β)]ˆ (B.8)
Substituting the acceleration term in the “ıˆ” direction gives Eqns. B.9 and B.10,
which can be summed together to form Eqn. B.11.
Wx +Rx = mf [Lβ˙
2 cos(β) + Lβ¨ sin(β)] (B.9)
−Wx = mw[Lβ˙2 cos(β) + Lβ¨ sin(β)] (B.10)
Rx = (mf +mw)[Lβ˙
2 cos(β) + Lβ¨ sin(β)] (B.11)
Similarly, taking the acceleration in the “ˆ” direction gives Eqns. B.12 and B.13,
which can be summed together to form Eqn. B.14.
Wy +Ry −mfg = mf [−Lβ˙2 sin(β) + Lβ¨ cos(β)] (B.12)
−Wy −mwg = mw[−Lβ˙2 sin(β) + Lβ¨ cos(β)] (B.13)
Ry − (mf +mw)g = (mf +mw)[−Lβ˙2 sin(β) + Lβ¨ cos(β)] (B.14)
Using the same method, the forces in the “kˆ” direction with the respective angular
acceleration results in Eqns. B.15 and B.16, which can be summed together to form
Eqn. B.17. Eqns. B.16 is already independent of external forces and is one of the
equations which can be used to solve for the system motion.
−Mw + L cos(β)Ry + L sin(β)Rx = −If β¨ (B.15)
Mw + cv(θ˙ + β˙) = −Iw(θ¨ + β¨) (B.16)
L cos(β)Ry + L sin(β)Rxcv(θ˙ + β˙) = −If β¨ − Iw(θ¨ + β¨) (B.17)
Finally, taking the equations for Rx and Ry seen in Eqns. B.11 and B.14 respec-
tively and substituting the values into Eqn. B.17 gives Eqn. B.18.
L cos(β)(mf +mw)g + cv(θ˙ + β˙) + ((mf +mw)L
2 + If + Iw)β¨ + Iwθ¨ = 0 (B.18)
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Eqn. B.16 and Eqn. B.18 are the two equations necessary for solving for the angular
acceleration terms β¨ and θ¨.
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Appendix C
Testing Equipment and Setup
In order to measure the parameters of physical prototypes, such as those listed in
Chapter 3, a series of tools, devices and setups were used. The most basic of which
are listed in Table C.1. The mass moment of inertia parameters were measured using
the procedure listed in Section C.1.
C.1 Inertia Testing
In order to measure the mass moment of inertia parameter of an object, the system
must be allowed to rotate about a point like a pendulum. By measuring the period of
oscillations and knowing the distance to the center of mass of the object, the inertia
about the center of mass can be determined. In Eqns. C.1, C.2, and C.3, T is the
period of oscillation, m is the mass of the system, r is the distance from the pivot
point to the center of mass, and Ip is the inertia about the pivot point.
wn = 2pi
1
T
(C.1)
Ip =
mgr
w2n
(C.2)
Icom = Ip −mr2 (C.3)
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Parameter Device Tolerance Specifications
Mass Electronic Scale 1 gram CEN-TECH Model: 95364
Length 24” Vernier Calipers 1/128th inch N/A
Time Digital Stopwatch 0.01 seconds N/A
Angular Position Optical Encoder 0.18 degrees US Digital: E6 Optical Kit Encoder
Angular Velocity Gyroscope 2000 dps Pololu Robotics & Electronics:
L3GD20 3-Axis Gyro
Digital Signals Microcontroller N/A Arduino Atmega328
Ramp Angle Digital Inclinometer 0.1 degrees N/A
Mass Moment of Inertia set-up N/A See section C.1
Table C.1: Various tools and devices used in measuring system parameters.
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Appendix D
ICR Wheel Paradox
An interesting phenomenon occurs to the ICR wheel system if the polygonal frame
were replaced with a geometric circle. This transformation would be akin to having
a polygonal frame with an infinite number of sides [10]. If the “rimless wheel” frame
were replaced with a simple “wheel”, the most immediate change to the motion is the
complete elimination of a double stance phase. The impossibility of a double stance
for a “wheeled” system can be shown to be true both geometrically and with the
equations of motion.
In a geometric sense, a circle is tangent to a line at only one point; and therefore
the system cannot have the two points of contact that are necessary for double stance.
The system is in a perpetual state of balance on a single “foot” (point). From the
perspective of the equations of motion, the double stance phase is guaranteed to
end when θL reaches a certain value based on physical parameters. The relationship
between θL and the number of legs, n, for a polygonal frame can be seen in Eqns. D.1,
D.2, and D.3.
θL =
Lmtg
kt
cos(β0) (D.1)
β0 =
pi
2
− pi
n
(D.2)
θL =
Lmtg
kt
cos
(pi
2
− pi
n
)
(D.3)
If the number of legs were increased to infinity, transforming the polygonal frame
into a wheel, Eqn. D.3 could be solved according to Eqns. D.4 and D.5 resulting in
Eqn. D.6.
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lim
n→∞
(θL) =
Lmtg
kt
lim
n→∞
(
cos
(pi
2
− pi
n
))
(D.4)
lim
n→∞
(θL) =
Lmtg
kt
lim
n→∞
(
cos
(pi
2
))
(D.5)
θL∞ = 0 (D.6)
A frame with an infinite number of sides would have a lift off value (θl∞) of 0.
Any and all possible angles for the inertia device result in single stance.
The single stance nature of a circular frame is only the first phenomenon a circular
frame system would exhibit. The second change that occurs is the impossibility of
motion from perturbations of the inertia device. For an ICR wheel systems with
a polygonal frame, the motion is carried out by giving the inertia device an initial
condition during double stance. Creating similar circumstances in a wheeled device is
no longer possible; partially because the double stance phase is eliminated, but also
due to the ever decreasing average velocity of a system with an increasing number
of legs. Assuming the physical parameters, aside from the number of legs, remain
constant, the frequency of oscillation of the inertia device relative to the frame will
also remain constant. For each cycle, it is necessary for the inertia device to make
one full oscillation relative to the frame while the frame makes one full step. Average
velocity of the system can therefore be quantified as in Eqn. D.7, where δ represents
the angle of rotation of the frame necessary to complete a step, f is the frequency of
oscillation of the inertia device, and Vavg is the average velocity of the system.
Vavg = δf (D.7)
The angle delta is related to the number of legs as given by Eqn. D.8.
δ =
2pi
n
(D.8)
Assuming an infinite number of legs, Eqn. D.7 gets transformed into Eqn. D.9
resulting in Eqn. D.10.
lim
n→∞
(Vavg) = lim
n→∞
(
2pif
n
)
(D.9)
lim
n→∞
(Vavg) = 0 (D.10)
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The average velocity for a wheeled system must be zero over a cycle of oscillation
of the inertia device. The only way to retrieve level ground locomotion for an ICR
wheel with an infinite number of sides is to ignore the rotation of the inertia device
relative to the frame. If the frame and inertia device were given the same initial
rotational velocities, essentially keeping the inertia device stationary relative to the
circular frame, the system will regain a positive average velocity, but the mode of
behavior of the system will have been broken.
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Appendix E
Simulation Code
The majority of the simulations done in this thesis used a 4th order Runge-Kutta
forward integration technique and were calculated using MATLAB. The primary ver-
sion of the simulation is shown in Section E.1, with the other sections in this chapter
supplementing this simulation with functions. Other simulations vary this code to
include modes of actuation, but the code shown in this chapter can be used to de-
termine the path of motion for an ICR wheel system given initial conditions. The
variables used in the code do not necessarily match the nomenclature of this thesis.
The code is broken up in the following way:
 Determine type of simulation: level ground, ramp, damping, etc., E.1
 Specify system parameters, E.1
 Initial drawing of system, E.1
 Determine double stance phase of motion from double stance state matrix, E.2
– Determine double stance state matrix from balance of forces, E.3
 Find time of lift off, E.4
 Determine single stance phase of motion from single stance state matrix, E.5
– Determine single stance state matrix from balance of forces, E.6
 Find time of touch down, E.7
 Determine effect of impact, E.1
 Determine double stance phase of motion from double stance state matrix, E.2
– Determine double stance state matrix from balance of forces, E.3
 Determine when step has ended, E.8
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 Compile information about the cycle and report E.1
E.1 Primary Simulation M-File
1 %CENTRAL SIMULATION FOR DETERMINING THE PATH OF THE ICR WHEEL FOR A
2 %GIVEN SET OF INITIAL CONDITIONS
3
4 clear all
5 close all
6 clc
7
8 global mb mw Ib Iw g spoke rd kt n gamma steps step num ...
9 pre dL L pen rH damp c Motor mom;
10
11 addpath('C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Export Fig')
12
13 % SEGMENTS or FULL RUN (VISUAL REPRESENTATION)
14 runner = 'FULL RUN';
15
16 %LEVEL or RAMP
17 ang = 'RAMP';
18
19 %DAMPING? (y/n)
20 damp = 'y';
21
22 %VIDEO RECORDING (ONLY FOR 'FULL RUN')?
23 vid on = 0; % 0 = off, 1 = on
24
25 %%%PHYSICAL PARAMETERS
26
27 n = 5; %number of feet
28 l = 0.587785252292473; %length of leg
29 t0 = 0; %start time
30 tf = 5; %arbitrary stop time
31 time step = 1000;
32 tolerance = 1e-9; %for runge-kutta integration
33
34 mb = 1;
35 mw = 0.5;
36 Ib = 0.1;
37 Iw = 0.05;
38 g = 9.8;
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39
40 %LINEAR AND NON-LINEAR SPRING PARAMETERS
41 offset = 0;
42 rH = 0.2;
43 L pen = 0.2;
44 pre dL = 0;
45 kt = 2;
46
47 %DAMPING?
48 if strcmp(damp,'n') == 1
49 damp c = 0;
50 elseif strcmp(damp,'y') == 1
51 damp c = 0.005;
52 end
53
54 %RAMP?
55 if strcmp(ang,'LEVEL') == 1
56 theta0 = 0;
57 thetad0 = 29.603193810354526;
58 gamma deg = 0; %Angle of ground in degrees
59 elseif strcmp(ang,'RAMP') == 1
60 theta0 = 0;
61 thetad0 = 27.377633783223089;
62 gamma deg = 5; %Angle of ground in degrees
63 end
64
65 gamma = gamma deg * -pi/180; %Angle of ramp converted to radians
66
67
68 %-----Drawing of the Bot (Initial)-----%
69 %--------------------------------------%
70
71 theta1 = pi/2-pi/n; %angle from foot1 to center
72 theta2 = 2*pi/n; %angle between feet
73 spoke = l/2*(1/cos(theta1)); %Length of spoke
74 % spoke = 0.213157/2;
75
76 rd = L pen+rH; %radius of wheel
77 circ num = 20; %number of circle points
78
79 figure(1)
80 axis square
81 axis([-spoke*2 spoke*2 -spoke*2 spoke*2])
82
83 % Assign center point and first two legs of bot
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84 Points(1,:) = [-l/2 l/2*tan(theta1) -theta1+pi]; %x,y,theta position ...
of center
85 % Points(2,:) = [0 0 0]; %x,y,theta position ...
of pivot foot (foot1)
86 % Points(3,:) = [Points(1,1)+spoke*sin(-theta2/2)...
87 % Points(1,2)-spoke*cos(-theta2/2) pi]; %x,y,theta position ...
of lift foot (foot2)
88
89 % Populate rest of points based off of flat ground
90
91 for i = 2:n+1
92 xpos = Points(1,1)+spoke*cos(-theta2*(i-2)-theta1);
93 ypos = Points(1,2)+spoke*sin(-theta2*(i-2)-theta1);
94 theta = atan(ypos/xpos);
95
96 if xpos == 0 && ypos == 0
97
98 theta = 0;
99
100 elseif theta ≤ 0.00001
101
102 theta=theta+pi;
103
104 end
105
106 Points(i,:) = [xpos ypos theta];
107
108 end
109 Points(n+2,:) = Points(2,:); %Re-assign pivot foot as last point to ...
complete drawing
110
111 %Compensate for angle of ground
112 for i = 1:n+1
113
114 dL = sqrt((Points(i,1)-Points(2,1))ˆ2+(Points(i,2)-Points(2,2))ˆ2); ...
%Distance between point and pivot foot
115 dO = dL*sin(gamma)/sin(pi/2-gamma/2); ...
%Offset distance
116
117 Points(i,1) = Points(i,1)-dO*sin(gamma/2+Points(i,3));
118 Points(i,2) = Points(i,2)+dO*cos(gamma/2+Points(i,3));
119 Points(i,3) = Points(i,3)+gamma;
120
121 end
122
123 % Create circle points
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124 j = gamma;
125 for i = 1:circ num
126
127 xpos = Points(1,1)+rd*cos(j);
128 ypos = Points(1,2)+rd*sin(j);
129 theta = j;
130 Circ Points(i,:) = [xpos ypos theta];
131
132 j=j+2*pi/circ num;
133
134 end
135 Circ Points(circ num+1,:) = Circ Points(1,:); %Re-assign first point as last ...
point to complete drawing
136
137 % Draw lines between points for Bot
138 for i = 2:n+1
139
140 Leg(i-1)= line([Points(i,1) Points(i+1,1)],[Points(i,2) Points(i+1,2)]);
141
142 end
143
144 % Draw lines between points for Wheel
145 for i =1:circ num
146
147 B wheel(i)= line([Circ Points(i,1) Circ Points(i+1,1)],...
148 [Circ Points(i,2) Circ Points(i+1,2)]);
149
150 end
151
152 % Arrow = line(Arrow Points(:,1), Arrow Points(:,2));
153
154 %Draw reference lines
155 theta line = line([Points(1,1) Points(1,1)-cos(theta0+theta1-gamma)*1.25*rd],...
156 [Points(1,2) Points(1,2)+sin(theta0+theta1-gamma)*1.25*rd]);
157 beta line = line([Points(1,1) Points(2,1)],[Points(1,2) Points(2,2)]);
158
159 ground line1 = line([Points(2,1) Points(2,1)-10*spoke*cos(gamma)],...
160 [Points(2,2) Points(2,2)-10*spoke*sin(gamma)]);
161
162 ground line2 = line([Points(2,1) Points(2,1)+10*spoke*cos(gamma)],...
163 [Points(2,2) Points(2,2)+10*spoke*sin(gamma)]);
164
165 % ref line = line([Points(2,1) Points(2,1)],[Points(2,2) Points(2,2)+2]);
166
167
168 %SET DIAGRAM LINE WIDTHS COLORS ETC.
167
169 set(theta line,'LineWidth',2);
170 set(beta line,'LineWidth',2);
171 set(B wheel,'LineWidth',2);
172 set(Leg,'Linewidth',2);
173
174 set(theta line,'Color','k');
175 set(beta line,'Color','k');
176 set(Leg,'Color','k');
177 set(B wheel,'Color','k');
178
179 set(theta line,'LineStyle',':');
180 set(beta line,'LineStyle','-.');
181
182 set(ground line1,'Color','k')
183 set(ground line2,'Color','k')
184 set(ground line1,'LineWidth',2);
185 set(ground line2,'LineWidth',2);
186 set(ground line1,'LineStyle','--');
187 set(ground line2,'LineStyle','--');
188
189 axis off
190 set(gcf, 'Color', 'w');
191 export fig('mode1.pdf')
192 drawnow
193 axis off
194
195
196 %-End of Drawing of the Bot (Initial)--%
197 %--------------------------------------%
198
199
200 %------Create State Matrix, ODE Work-----%
201 %----------------------------------------%
202 beta0 = theta1-gamma; %Initial angle of pivot stance to ground
203 betad0 = 0; %Initial frame angular velocity
204
205 tFin = tf; %One step length of time
206 ICS = [beta0, betad0, theta0, thetad0]'; %Initial conditions
207
208 %Initialize vectors for state values
209 beta = [];
210 betad = [];
211 theta = [];
212 thetad = [];
213 time = 0;
214
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215 %Partial vectors for single step
216 betap = beta;
217 betadp = betad;
218 thetap = theta;
219 thetadp = thetad;
220 timep = time;
221
222 %%%%%%%%%%%%%%%%%%%%%%%%Double Stance Phase
223
224 ODEoptions = ...
odeset('RelTol',tolerance,'AbsTol',tolerance,'Events',@dbl event);
225 time vect = linspace(t0, tFin, time step);
226 [time dbl, state dbl, timee dbl, statee dbl] = ode45(@dbl derive, ...
time vect, ICS, ODEoptions);
227
228 %%%%%%%%%%%%%%%%%%%%%%%%Single Stance Phase
229
230 if time dbl(length(time dbl))<tFin %DID DOUBLE STANCE PHASE END?
231 timee w = 0;
232 ICS = statee dbl;
233 ODEoptions = ...
odeset('RelTol',tolerance,'AbsTol',tolerance,'Events',@wheel events);
234 time vect2 = linspace(timee dbl, tf+timee dbl, time step);
235 [time w, state w, timee w, statee w, ie] = ode45(@wheel derive, ...
time vect2, ICS, ODEoptions);
236
237 %%%%%%%%%%%%%%%%%%%%%%%%Impact Phase
238
239 betad imp = state w(length(state w),2);
240 state w(length(state w),2)=0;
241 state w(length(state w),4)=state w(length(state w),4)+betad imp;
242
243 ICS = statee w;
244 ICS(2) = state w(length(state w),2);
245 ICS(4) = state w(length(state w),4);
246
247 %%%%%%%%%%%%%%%%%%%%%%%%Double Stance Phase Again
248
249 if timee w > 0; %DID TOUCH DOWN FOOT MAKE CONTACT?
250 ODEoptions = ...
odeset('RelTol',tolerance,'AbsTol',tolerance,'Events',@dbl event it);
251 time vect3 = linspace(timee w, timee w+tf, time step);
252 [time dbl2, state dbl2, timee dbl2, statee dbl2] = ...
ode45(@dbl derive, time vect3, ICS, ODEoptions);
253
254 %%%%%%%%%%%%%%%%%%%%%%%Construct vectors
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255
256 beta = [betap;state dbl(:,1);state w(:,1);state dbl2(:,1)];
257 betad = [betadp;state dbl(:,2);state w(:,2);state dbl2(:,2)];
258 theta = [thetap;state dbl(:,3);state w(:,3);state dbl2(:,3)];
259 thetad = [thetadp;state dbl(:,4);state w(:,4);state dbl2(:,4)];
260 time = [timep;time dbl;time w;time dbl2];
261
262 else
263
264 beta = [betap;state dbl(:,1);state w(:,1)];
265 betad = [betadp;state dbl(:,2);state w(:,2)];
266 theta = [thetap;state dbl(:,3);state w(:,3)];
267 thetad = [thetadp;state dbl(:,4);state w(:,4)];
268 time = [timep;time dbl;time w];
269 end
270
271 else
272
273 beta = [betap;state dbl(:,1)];
274 betad = [betadp;state dbl(:,2)];
275 theta = [thetap;state dbl(:,3)];
276 thetad = [thetadp;state dbl(:,4)];
277 time = [timep;time dbl];
278
279 end
280 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%END ODE WORK
281
282 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%% ADJUST TIME VECTOR LENGTH
283 %
284 for i=1:length(time)-1 %
285 %
286 time(i)=time(i+1); %
287 %
288 end %
289 %
290 time(length(time))=[]; %
291 %
292 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
293
294 ih = [1 0 0]';
295 jh = [0 1 0]';
296 kh = [0 0 1]';
297
298 Knot = [ih jh kh];
299
300 %Video File
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301 if vid on == 1
302
303 %Prepare the new file.
304 vidObj = VideoWriter('ramp.avi');
305 open(vidObj);
306
307 end
308
309 %DEMONSTRATE MOTION
310 if strcmp(runner,'FULL RUN') == 1
311 for i = 2:length(time),
312
313 %Coordinate frame work ----------
314 R 0 1 = [-cos(beta(i)) sin(beta(i)) 0;
315 -sin(beta(i)) -cos(beta(i)) 0;
316 0 0 1];
317
318 Prime = R 0 1*Knot;
319
320 u1 = Prime(1,:)';
321
322 R 1 2 = [cos(theta(i)) -sin(theta(i)) 0;
323 sin(theta(i)) cos(theta(i)) 0;
324 0 0 1];
325
326 DPrime = R 1 2*Prime;
327
328 v1 = DPrime(1,:)';
329
330 r com = spoke*u1;
331 r rd = rd*v1;
332 omega = [0 0 -betad(i)]';
333 v = cross(omega,r com);
334 v 2(i,1) = v'*v;
335
336 ∆ beta = -(beta(i)-beta(i-1));
337 %End coordinate frame work ----------
338
339 %Update system figure ----------
340 for j = 1:n+1 %Pivot Points
341
342 dL = ...
sqrt((Points(j,1)-Points(2,1))ˆ2+(Points(j,2)-Points(2,2))ˆ2); ...
%Distance between point and pivot foot
343 dO = dL*sin(∆ beta)/sin(pi/2-∆ beta/2); ...
%Offset distance
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344
345 Points(j,1) = Points(j,1)-dO*sin(∆ beta/2+Points(j,3));
346 Points(j,2) = Points(j,2)+dO*cos(∆ beta/2+Points(j,3));
347 Points(j,3) = Points(j,3)+∆ beta;
348
349 end
350
351 k=0;
352 for j = 1:circ num
353
354 xpos = Points(1,1)+rd*cos(k);
355 ypos = Points(1,2)+rd*sin(k);
356 the = k;
357 Circ Points(j,:) = [xpos ypos the];
358
359 k=k+2*pi/circ num;
360
361 end
362
363 Circ Points(circ num+1,:) = Circ Points(1,:);
364
365 for j = 2:n+1
366
367 set(Leg(j-1),'xdata',[Points(j,1) Points(j+1,1)],...
368 'ydata',[Points(j,2) Points(j+1,2)]);
369
370 end
371
372 for j = 1:circ num
373
374 set(B wheel(j),'xdata',[Circ Points(j,1) Circ Points(j+1,1)],...
375 'ydata',[Circ Points(j,2) Circ Points(j+1,2)]);
376
377 end
378
379
380 set(theta line,'xdata',[Points(1,1) ...
Points(1,1)-cos(theta(i)+beta(i))*1.25*rd],...
381 'ydata',[Points(1,2) Points(1,2)+sin(theta(i)+beta(i))*1.25*rd]);
382 set(beta line,'xdata',[Points(1,1) Points(2,1)],...
383 'ydata',[Points(1,2) Points(2,2)]);
384
385
386 if vid on == 1
387 currFrame = getframe;
388 writeVideo(vidObj,currFrame);
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389 end
390
391 grid on
392 drawnow
393
394 end
395 end
396
397 if vid on == 1
398 close(vidObj);
399 end
400
401 %CALCULATE SYSTEM ENERGY
402 pot b = sin(beta)*spoke*mb*g;
403 kinv b = 1/2*mb*(spoke*betad).ˆ2;
404 kinw b = 1/2*Ib*betad.ˆ2;
405
406 pot w = sin(beta)*spoke*mw*g;
407 kinv w = 1/2*mw*(spoke*betad).ˆ2;
408 kinw w = 1/2*Iw*(thetad+betad).ˆ2;
409
410 tot b = pot b + kinv b + kinw b;
411 tot w = pot w + kinv w + kinw w;
412
413 tot = tot b + tot w;
414 mom = 1/2*kt*theta.ˆ2;
415
416 damp eng(1,1) = 0;
417 for i = 2:length(time)
418
419 damp eng(i,1) = ...
1/2*damp c*((thetad(i)+betad(i))+(thetad(i-1)+betad(i-1)))*...
420 ((theta(i)+beta(i))-(theta(i-1)+beta(i-1))) + damp eng(i-1,1);
421
422 end
423
424 damp eng tot = damp eng(length(damp eng));
425
426 %IF SEGMENTS SELECTED; MUST FIND EQUALLY SPACED SEGMENTS
427
428 ref num = 9;
429 it time = time(end)/(ref num-1);
430
431 ref time(1) = 0;
432 for i = 2:ref num;
433
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434 ref time(i) = ref time(i-1)+it time;
435
436 end
437
438 j = 2;
439 beta ref(1) = beta(1);
440 betad ref(1) = betad(1);
441 theta ref(1) = theta(1);
442 thetad ref(1) = thetad(1);
443 eng ref(1) = tot(1) + mom(1);
444
445 beta ref(ref num) = beta(end);
446 betad ref(ref num) = betad(end);
447 theta ref(ref num) = theta(end);
448 thetad ref(ref num) = thetad(end);
449 eng ref(ref num) = tot(end) + mom(end);
450
451
452 %LINEAR INTERPOLATION OF VALUES
453 for i = 1:length(time)-1
454
455 if time(i) ≤ ref time(j) && time(i+1) ≥ ref time(j) && j < ref num
456
457 beta ref(j) = beta(i) + ...
(beta(i+1)-beta(i))*(ref time(j)-time(i))/(time(i+1)-time(i));
458 betad ref(j) = betad(i) + ...
(betad(i+1)-betad(i))*(ref time(j)-time(i))/(time(i+1)-time(i));
459 theta ref(j) = theta(i) + ...
(theta(i+1)-theta(i))*(ref time(j)-time(i))/(time(i+1)-time(i));
460 thetad ref(j) = thetad(i) + ...
(thetad(i+1)-thetad(i))*(ref time(j)-time(i))/(time(i+1)-time(i));
461 eng ref(j) = (tot(i)+mom(i)) + ...
((tot(i+1)+mom(i+1))-(tot(i+1)+mom(i+1)))*(ref time(j)-time(i))/(time(i+1)-time(i));
462
463 j = j + 1;
464
465 end
466
467 end
468
469
470 %SHOW DIFFERENT SEGMENTS
471 if strcmp(runner,'SEGMENTS') == 1
472 for i = 2:length(ref time),
473
474
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475 ∆ beta = -(beta ref(i)-beta ref(i-1));
476
477 for j = 1:n+1 %Pivot Points
478
479 dL = ...
sqrt((Points(j,1)-Points(2,1))ˆ2+(Points(j,2)-Points(2,2))ˆ2); ...
%Distance between point and pivot foot
480 dO = dL*sin(∆ beta)/sin(pi/2-∆ beta/2); ...
%Offset distance
481
482 Points(j,1) = Points(j,1)-dO*sin(∆ beta/2+Points(j,3));
483 Points(j,2) = Points(j,2)+dO*cos(∆ beta/2+Points(j,3));
484 Points(j,3) = Points(j,3)+∆ beta;
485
486 end
487
488 k=0;
489 for j = 1:circ num
490
491 xpos = Points(1,1)+rd*cos(k);
492 ypos = Points(1,2)+rd*sin(k);
493 the = k;
494 Circ Points(j,:) = [xpos ypos the];
495
496 k=k+2*pi/circ num;
497
498 end
499
500 Circ Points(circ num+1,:) = Circ Points(1,:);
501
502 for j = 2:n+1
503
504 set(Leg(j-1),'xdata',[Points(j,1) Points(j+1,1)],...
505 'ydata',[Points(j,2) Points(j+1,2)]);
506
507 end
508
509 for j = 1:circ num
510
511 set(B wheel(j),'xdata',[Circ Points(j,1) Circ Points(j+1,1)],...
512 'ydata',[Circ Points(j,2) Circ Points(j+1,2)]);
513
514 end
515
516
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517 set(theta line,'xdata',[Points(1,1) ...
Points(1,1)-cos(theta ref(i)+beta ref(i))*1.25*rd],...
518 'ydata',[Points(1,2) ...
Points(1,2)+sin(theta ref(i)+beta ref(i))*1.25*rd]);
519 set(beta line,'xdata',[Points(1,1) Points(2,1)],...
520 'ydata',[Points(1,2) Points(2,2)]);
521
522 file name = sprintf('mode%d.pdf',i);
523
524 axis off
525 drawnow
526
527 end
528 end
529
530 %FIGURES OF STATE VARIABLES
531
532 figure(2)
533 plot(time,beta,'k',...
534 'LineWidth', 2,...
535 'MarkerSize',6);
536 hTitle1 = title('Frame Angular Position');
537 hXLabel1 = xlabel('Time [sec]');
538 hYLabel1 = ylabel('Frame Angular Position [rad]');
539 grid on;
540 set(gcf, 'Color', 'w');
541 export fig('Ramp Frame Angular Position.pdf')
542
543 figure(3)
544 plot(time,betad,'k',...
545 'LineWidth', 2,...
546 'MarkerSize', 6);
547 hTitle1 = title('Frame Angular Velocity on a Ramp');
548 hXLabel1 = xlabel('Time [sec]');
549 hYLabel1 = ylabel('Frame Angular Velocity [rad/sec]');
550 grid on;
551 set(gcf, 'Color', 'w');
552 export fig('Ramp Frame Angular Velocity.pdf')
553
554 figure(4)
555 plot(time,theta,'k',...
556 'LineWidth', 2,...
557 'MarkerSize', 6);
558 hTitle1 = title('Inertia Device Rotation on a Ramp');
559 hXLabel1 = xlabel('Time [sec]');
560 hYLabel1 = ylabel('Inertia Device Angular Position [rad]');
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561 grid on;
562 set(gcf, 'Color', 'w');
563 export fig('Ramp Inertia Device Angular Position.pdf')
564
565 figure(5)
566 plot(time,thetad,'k',...
567 'LineWidth', 2,...
568 'MarkerSize', 6);
569 hTitle1 = title('Inertia Device Angular Velocity on a Ramp');
570 hXLabel1 = xlabel('Time [sec]');
571 hYLabel1 = ylabel('Inertia Device Angular Velocity [rad/sec]');
572 grid on;
573 set(gcf, 'Color', 'w');
574 export fig('Ramp Inertia Device Angular Velocity.pdf')
575
576 figure(6)
577 plot(time,tot+mom,'k',...
578 'LineWidth', 2,...
579 'MarkerSize', 6);
580 hTitle1 = title('System Energy on a Ramp');
581 hXLabel1 = xlabel('Time [sec]');
582 hYLabel1 = ylabel('System Energy [J]');
583 grid on;
584 set(gcf, 'Color', 'w');
585 export fig('Ramp System Energy.pdf')
E.2 Double Stance State Matrix
1 %CALCULATE THE STATE VARIABLES DURING THE DOUBLE STANCE PHASE FOR THE
2 %ODE-45 FUNCTION
3
4 function [statedot dbl] = dbl derive(time,state dbl)
5
6 beta = state dbl(1);
7 betad = state dbl(2);
8 theta = state dbl(3);
9 thetad = state dbl(4);
10
11 %FUNCTION dbl stance CALCULATES THE FORCE BALANCE DURING THE DOUBLE STANCE
12 %PHASE; USED TO GENERATE THE STATES SPACE MATRIX
13 b = -dbl stance(state dbl,0,0,0)';
14 A(:,1) = dbl stance(state dbl,1,0,0)'+b;
15 A(:,2) = dbl stance(state dbl,0,1,0)'+b;
16 A(:,3) = dbl stance(state dbl,0,0,1)'+b;
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17
18 c = A\(b); % STATE-DOT VALUES
19
20 statedot dbl = [0; 0; thetad; c(1)];
21 end
E.3 Double Stance Force Balance
1 %FUNCTION THAT DETERMINES THE FORCE BALANCE ON THE INERTIA DEVICE AND FRAME
2 %DURING DOUBLE STANCE
3
4 function [dbl] = dbl stance(state,thetadd,Fx,Fy)
5 global mb mw Ib Iw g spoke rd kt n gamma steps step num ...
6 L pen rH damp c Motor mom;
7
8 ih = [1 0 0]'; %DIRECTION VECTORS
9 jh = [0 1 0]';
10 kh = [0 0 1]';
11
12 beta = state(1); %STATE VARIABLES
13 betad = state(2);
14 theta = state(3);
15 thetad = state(4);
16
17 Knot = [ih jh kh];
18
19 R 0 1 = [-cos(beta) sin(beta) 0;
20 -sin(beta) -cos(beta) 0;
21 0 0 1];
22
23
24 Prime = R 0 1*Knot; %COORDINATE TRANSOFRMATION TO FRAME
25
26 u1 = Prime(1,:)';
27 u2 = Prime(2,:)';
28 u3 = Prime(3,:)';
29
30 R 1 2 = [cos(theta) -sin(theta) 0;
31 sin(theta) cos(theta) 0;
32 0 0 1];
33
34
35 DPrime = R 1 2*Prime; %COORDINATE TRANSOFRMATION TO INERTIA DEVICE
36
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37 v1 = DPrime(1,:)';
38 v2 = DPrime(2,:)';
39 v3 = DPrime(3,:)';
40
41 %Resolve forces
42 F = Fx*ih + Fy*jh; %REACTIONARY FORCES, INERTIA DEVICE - FRAME
43
44 %Angular acceleration of wheel
45 alpha wheel = -thetadd*v3; %ACCELERATION OF INERTIA DECVIE
46
47 %Calculate Moment [angle * constant]
48 M = kt*theta;
49
50 %Account for shift in gravity orientation
51 grav = g*[cos(gamma) -sin(gamma) 0]';
52
53 %Linear Momentum Balance For Wheel
54 LMB2 = F+mw*grav;
55
56 %Angular Momentum Balance For Wheel
57 AMB2 = M*kh + damp c*thetad*kh - Iw*alpha wheel;
58
59 dbl(1) = LMB2(1);
60 dbl(2) = LMB2(2);
61 dbl(3) = AMB2(3);
62 end
E.4 End of Double Stance
1 %CALCULATE THE END OF DOUBLE STANCE PHASE; DOUBLE STANCE PHASE WILL END
2 %WHEN THE LIFT FOOT REACTIONARY FORCE REACHES ZERO
3
4 function [value, isterminal, direction] = dbl event(time, state)
5
6 global mb mw Ib Iw g spoke rd kt n gamma steps step num ...
7 pre dL L pen rH damp c;
8
9 theta=state(3);
10
11 xi=pi/n;
12 beta0 = pi/2 - xi;
13
14 d = spoke*cos(beta0-gamma);
15 M = -kt*theta;
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16 Fl = ((mw+mb)*g*d)+M;
17
18 value = Fl; %FINDS WHEN VARIABLE Fl REACHES ZERO
19 isterminal = 1;
20 direction = 0;
21
22 end
E.5 Single Stance State Matrix
1 %CALCULATE THE STATE VARIABLES DURING THE SINGLE STANCE PHASE FOR THE
2 %ODE-45 FUNCTION
3
4 function [statedot] = wheel derive(time,state)
5
6 beta = state(1);
7 betad = state(2);
8 theta = state(3);
9 thetad = state(4);
10
11 %FUNCTION wheel CALCULATES THE FORCE BALANCE DURING THE DOUBLE STANCE
12 %PHASE; USED TO GENERATE THE STATES SPACE MATRIX
13
14 b = -wheel(state,0,0,0,0,0,0)';
15 A(:,1) = wheel(state,1,0,0,0,0,0)'+b;
16 A(:,2) = wheel(state,0,1,0,0,0,0)'+b;
17 A(:,3) = wheel(state,0,0,1,0,0,0)'+b;
18 A(:,4) = wheel(state,0,0,0,1,0,0)'+b;
19 A(:,5) = wheel(state,0,0,0,0,1,0)'+b;
20 A(:,6) = wheel(state,0,0,0,0,0,1)'+b;
21
22 c = A\(b); % STATE-DOT VALUES
23
24 statedot = [betad; c(1); thetad; c(2)];
25 end
E.6 Single Stance Force Balance
1 %FUNCTION THAT DETERMINES THE FORCE BALANCE ON THE INERTIA DEVICE AND FRAME
2 %DURING THE SINGLE STANCE PHASE
3
4 function [wheel eqn] = wheel(state,betadd,thetadd,Rx,Ry,Fx,Fy)
5 global mb mw Ib Iw g spoke rd kt n gamma steps step num ...
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6 L pen rH damp c;
7
8 ih = [1 0 0]'; %DIRECTION VECTORS
9 jh = [0 1 0]';
10 kh = [0 0 1]';
11
12 beta = state(1); %STATE VARIABLES
13 betad = state(2);
14 theta = state(3);
15 thetad = state(4);
16
17
18 Knot = [ih jh kh];
19
20 R 0 1 = [-cos(beta) sin(beta) 0;
21 -sin(beta) -cos(beta) 0;
22 0 0 1];
23
24 Prime = R 0 1*Knot; %COORDINATE TRANSOFRMATION TO FRAME
25
26 u1 = Prime(1,:)';
27 u2 = Prime(2,:)';
28 u3 = Prime(3,:)';
29
30 R 1 2 = [cos(theta) -sin(theta) 0;
31 sin(theta) cos(theta) 0;
32 0 0 1];
33
34 DPrime = R 1 2*Prime;
35
36 v1 = DPrime(1,:)';
37 v2 = DPrime(2,:)';
38 v3 = DPrime(3,:)';
39
40 %Resolve forces
41 R = Rx*ih + Ry*jh;
42 F = Fx*ih + Fy*jh;
43
44 %Angular velocity of bot
45 omega = -betad*u3;
46
47 %Angular acceleration of bot
48 alpha bot = -betadd*u3;
49
50 %Angular acceleration of wheel
51 alpha wheel = -betadd*u3 - thetadd*v3;
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52
53 %Radius from pivot point to com (wheel and bot share the com)
54 r com = spoke*u1;
55
56 %Calculate Moment [angle * constant]
57 M = kt*theta;
58
59 %Acceleration of com
60 a com = cross(omega,cross(omega,r com)) + cross(alpha bot,r com);
61
62
63 %Linear Momentum Balance
64 LMB1 = F + R - mb*g*jh - mb*a com;
65 LMB2 = -F - mw*g*jh - mw*a com;
66
67
68 %Angular Momentum Balance
69 AMB1 = -M*kh + cross(-r com,R) - Ib*alpha bot;
70 AMB2 = M*kh + damp c*(thetad+betad)*kh- Iw*alpha wheel;
71
72 wheel eqn(1) = LMB1(1);
73 wheel eqn(2) = LMB1(2);
74 wheel eqn(3) = LMB2(1);
75 wheel eqn(4) = LMB2(2);
76 wheel eqn(5) = AMB1(3);
77 wheel eqn(6) = AMB2(3);
78 end
E.7 End of Single Stance
1 %CALCULATE THE END OF SINGLE STANCE PHASE; SINGLE STANCE PHASE WILL END
2 %WHEN THE BETA ANGLE SATISFIES THAT THE TOUCH DOWN FOOT HAS MADE CONTACT
3 %WITH THE GROUND
4
5 function [value, isterminal, direction] = wheel events(time, state)
6
7 global mb mw Ib Iw g spoke rd kt n gamma steps step num;
8 beta0 = pi/2-pi/n;
9 alpha = pi/n;
10
11 value = (state(1)-(beta0+2*alpha) + gamma);
12 isterminal = 1;
13 direction = 0;
14
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15 end
E.8 End of Cycle
1 %CALCULATE THE END OF THE CYCLE; STEP ENDS WHEN THE RELATIVE VALUE OF THETA
2 %IS ZERO
3
4 function [value, isterminal, direction] = dbl event it(time, state)
5 global mb mw Ib Iw g spoke rd kt n gamma;
6
7 beta=state(1);
8 betad=state(2);
9 theta=state(3);
10 thetad=state(4);
11
12 value = theta; %FINDS WHEN VARIABLE theta REACHES ZERO
13 isterminal = 1;
14 direction = 0;
15
16 end
E.9 Non-Linear Spring Model
The following function calculates the non-linear spring model discussed in Appendix
A.
1 %ESTIMATES THE NON-LINEAR SPRING FUNCTION OF THE EXTENDED BODIED RIMLESS
2 %WHEEL. theta IS THE ANGLE OF THE INERTIA DEVICE RELATIVE TO THE
3 %UNSTRETCHED POSITION. L IS THE LENGTH OF THE INERTIA DEVICE AS MEASURED
4 %FROM THE HUB. rH IS THE RADIUS OF THE HUB. k IS THE LINEAR SPRING
5 %CONSTANT.
6
7 function [Ms] = spring func2(theta,L,rH,k)
8
9 global pre dL;
10 theta limit = acos(rH/(L+rH)); %THETA WHEN WRAPPING BEGINS
11 rH pos = [0, rH]';
12 L pos = [L*sin(theta)+rH*sin(theta), L*cos(theta)+rH*cos(theta)]';
13
14 if theta < theta limit && theta > -theta limit
15 %Calculate deflection
16 LdL = sqrt((L pos(1)-rH pos(1))ˆ2+(L pos(2)-rH pos(2))ˆ2);
17 %POSITION OF THE END OF THE PENDULUM MINUS THE POSITION WHERE THE
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18 %STRING ATTACHES TO THE HUB
19
20 dL = (LdL - L); %REMOVE THE UNSTRETCHED LENGTH OF THE SPRING
21
22 %Calculate spring force
23 Fs = (dL+pre dL)*k;
24
25 %Resolve spring force perpindicular to boom vector
26
27 alpha = asin(rH*sin(theta)/(LdL));
28
29 else
30
31 %Calculate deflection
32 LdL90 = sin(theta limit)*(L+rH);
33 phi = abs(theta)-theta limit;
34 dL arc = phi*rH;
35 dL = dL arc + LdL90 - L;
36
37 %Calculate spring force
38 Fs = (dL+pre dL)*k;
39
40 %Resolve spring force perpindicular to boom vector
41 alpha = sign(theta)*asin(rH*sin(theta limit)/(LdL90));
42
43 end
44
45 Ms = (L+rH)*Fs*sin(alpha);
46
47 end
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Appendix F
Data Acquisition
General analysis was required for data gathered from an Arduino micro-controller,
using MATLAB Code. This code was used to analyze the damping in the inertia
device, as discussed in Chapter 4
F.1 MATLAB Code
This section is a representation of the MATLAB code used to determine the forms of
friction that may be acting on the ICR wheel system.
F.1.1 Coasting Trials
Raw Data Conversion
1 %IMPORTS .TXT FILES OF RAW POSITION DATA AND FORMATS THEM TO
2 %REFINED TIME AND POSITION DATA IN A .TXT FILE FOR COASTING TRIALS
3 clear;
4 clc;
5 clf;
6
7 %LOCATIONS
8 Raw Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\Raw Data\';
9 Pos Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\Pos Data\';
10
11 for files = 1:20 %USE FOR NUMBER OF FILES
12
13 A = [];
14 time = [];
15 Raw Data = [];
16 Ref Data = [];
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17 theta = [];
18
19 Pos File = sprintf('Pos Data%d.txt',files); %TITLE OF NEW POSITION .TXT ...
FILE
20 Pos Loc = sprintf('%s%s',Pos Folder,Pos File);
21
22 Raw File = sprintf('Raw Data%d.txt',files);
23 Raw Loc = sprintf('%s%s',Raw Folder,Raw File); %NAME OF FILE
24
25 fid1 = fopen(Raw Loc); %OPEN FILE OF DATA
26 A = fscanf(fid1, '%g %g', [2 inf]); %GET DATA
27 fclose(fid1); %CLOSE FILE
28
29 time = A(1,:)./10ˆ6'; %TIME IN SECONDS
30 Raw Data = A(2,:)'; %RAW DATA IN DEGREES
31
32 %%STACK DATA TO ACCOUNT FOR RANGE OF ENCODER
33
34 Ref Data(1) = Raw Data(1);
35 for i=2:length(Raw Data)
36
37 % DISCONNECT EXISTS WHEN DATA GOES FROM POSITIVE TO NEGATIVE
38 % CHECK FOR THIS POINT VALUE AND ADD CORRECTING FACTOR
39
40 if (Raw Data(i-1)*Raw Data(i)) < 0 && Raw Data(i-1) > Raw Data(i)
41
42
43 enc ceiling = 2949.03 - Raw Data(i-1); %ENCODER LIMIT VALUES
44 enc floor = Raw Data(i) + 2949.12;
45
46 correct = correct +enc ceiling + enc floor + ...
Raw Data(i-1)-Raw Data(i); %CALCULATE OFFSET
47
48 end
49
50
51 Ref Data(i) = Raw Data(i) + correct; %STACKED DATA
52
53
54 end
55
56 %%BRING VALUES TO ZERO (ASSUMES DATA STARTED WHILE SPINNING)
57 Ref Data = Ref Data - Ref Data(1);
58 time = time - time(1);
59 theta = Ref Data.*pi/180; %CONVERT TO RADIANS
60
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61 %%%WRITE VALUES TO .TXT FILE
62 Note Build(Pos Loc,[time;theta]);
63 end
Damping Coefficient
1 %IMPORTS POSITION AND VELOCITY FILES; ESTIMATES THE DAMPING COEFFICIENTS
2 %FOR AIR DRAG AND VISCOUS DRAG AND RECORDS THEM
3
4 clear;
5 clc;
6 clf;
7
8 addpath('C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Export Fig')
9
10 Pos Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\Pos Data\';
11 Vel Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\Vel Data\';
12
13 ca Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\ca\';
14 cv Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\cv\';
15
16 damp type = 'air'; %EITHER 'air' OR 'visc'
17
18 for files = 1:20
19
20 Pos File = sprintf('Pos Data%d.txt',files); %TITLE OF NEW POSITION .TXT ...
FILE
21 Pos Loc = sprintf('%s%s',Pos Folder,Pos File);
22
23 Vel File = sprintf('Vel Data%d.txt',files); %TITLE OF NEW POSITION .TXT ...
FILE
24 Vel Loc = sprintf('%s%s',Vel Folder,Vel File);
25
26
27 fid1 = fopen(Pos Loc);
28 A = fscanf(fid1, '%g %g', [2 inf]);
29 fclose(fid1);
30
31 fid2 = fopen(Vel Loc);
32 B = fscanf(fid2, '%g %g', [2 inf]);
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33 fclose(fid2);
34
35 factor = ceil(length(A(1,:))*0.75); %PERCENT OF VALUES TO TAKE FROM DATA ...
SET (BEGINNING TO factor)
36
37 time = A(1,1:factor);
38 theta = A(2,1:factor);
39
40 time dot = B(1,1:factor);
41 thetad = B(2,1:factor);
42
43 thetad0 = thetad(1);
44
45
46
47 if strcmp(damp type, 'air') == 1;
48 %ASSUME VELOCITY UNKNOWN
49 % F = @(x,xdata)1/x(1).*log(x(1)*xdata+1/x(2))-1/x(1)*log(1/x(2));
50 %TAKE VELOCITY FROM FIRST VEL DATA POINT
51 F = @(x,xdata)1/x(1).*log(x(1)*xdata+1/thetad0)-1/x(1)*log(1/thetad0); ...
%Air Drag
52 c File = sprintf('ca%d.txt',files); %TITLE OF NEW POSITION .TXT FILE
53 c Loc = sprintf('%s%s',ca Folder,c File); %RECORD ca VALUE
54 elseif strcmp(damp type, 'visc') == 1;
55 %ASSUME VELOCITY UNKNOWN
56 % F = @(x,xdata)1/x(1)*x(2)*(1-exp(-x(1).*xdata)); %Damping Friction
57 %TAKE VELOCITY FROM FIRST VEL DATA POINT
58 F = @(x,xdata)1/x(1)*thetad0*(1-exp(-x(1).*xdata)); %Damping Friction
59 c File = sprintf('cv%d.txt',files); %TITLE OF NEW POSITION .TXT FILE
60 c Loc = sprintf('%s%s',cv Folder,c File); %RECORD cv VALUE
61 end
62
63 x0 = [2 10];
64
65 [x,resnorm,¬,exitflag,output] = lsqcurvefit(F,x0,time,theta);
66 theta est = F(x,time); %ESTIMATE VALUES
67
68 Icm = 0.0379; %MEASURED VALUE
69 c = x(1)*Icm;
70
71 r2 1 = rsquare(theta,theta est);
72
73 % Note Build(c Loc,[c;x(2)]);
74
75 %%%%%%%%%%%%%%OPTIONAL CODE FOR CHECKING VELOCITY CURVE FIT
76
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77 if strcmp(damp type, 'air') == 1;
78 % dF = @(x,xdata)(x(1).*xdata+1/x(2)).ˆ(-1); %Air Drag d/dt
79 dF = @(x,xdata)(x(1).*xdata+1/thetad0).ˆ(-1); %Air Drag d/dt
80 elseif strcmp(damp type, 'visc') == 1;
81 % dF = @(x,xdata)x(2).*exp(-x(1).*xdata); %Damping d/dt
82 dF = @(x,xdata)thetad0.*exp(-x(1).*xdata); %Damping d/dt
83 end
84
85 %%%%%%%%
86
87
88 thetad est= dF(x,time dot);
89
90 %COMPILE DATA
91 facts(files,1) = c;
92 facts(files,2) = thetad0;
93 facts(files,3) = r2 1;
94
95 end
Energy Losses
1 %IMPORTS POSITION AND VELOCITY FILES; ESTIMATES THE ENERGY LOST
2 %FOR AIR DRAG AND VISCOUS DRAG AND RECORDS THEM
3
4 clear;
5 clc;
6 clf;
7
8 addpath('C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Export Fig')
9
10 Pos Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\Pos Data\';
11 Vel Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\Vel Data\';
12
13 ca Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\ca\';
14 cv Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\Coasting Trials\cv\';
15
16 log st thetad = [];
17 log cycle eng = [];
18
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19 for files = 1:20
20
21 files
22
23 Pos File = sprintf('Pos Data%d.txt',files); %TITLE OF NEW POSITION .TXT FILE
24 Pos Loc = sprintf('%s%s',Pos Folder,Pos File);
25
26 Vel File = sprintf('Vel Data%d.txt',files); %TITLE OF NEW VELOCITY .TXT FILE
27 Vel Loc = sprintf('%s%s',Vel Folder,Vel File);
28
29 cv File = sprintf('cv%d.txt',files); %TITLE OF cv .TXT FILE
30 cv Loc = sprintf('%s%s',cv Folder,cv File);
31
32 ca File = sprintf('ca%d.txt',files); %TITLE OF ca .TXT FILE
33 ca Loc = sprintf('%s%s',ca Folder,ca File);
34
35 %LOAD DATA
36 fid1 = fopen(Pos Loc);
37 A = fscanf(fid1, '%g %g', [2 inf]);
38 fclose(fid1);
39
40 factor = ceil(length(A(1,:))*0.75); %PERCENT OF VALUES TO TAKE FROM DATA SET
41
42 time = A(1,1:factor);
43 theta = A(2,1:factor);
44
45 fid1 = fopen(Vel Loc);
46 A = fscanf(fid1, '%g %g', [2 inf]);
47 fclose(fid1);
48
49 time dot = A(1,1:factor);
50 thetad = A(2,1:factor);
51
52 fid1 = fopen(ca Loc);
53 A = fscanf(fid1, '%g %g', [2 inf]);
54 fclose(fid1);
55
56 ca = A(1,1);
57 vel a = A(2,1);
58
59 fid1 = fopen(cv Loc);
60 A = fscanf(fid1, '%g %g', [2 inf]);
61 fclose(fid1);
62
63 cv = A(1,1);
64 vel v = A(2,1);
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65
66 Icm = 0.0379; %MEASURED VALUE
67
68 force ca = ca.*thetad.ˆ2;
69 force cv = cv.*thetad;
70
71 %%%FIND AVERAGE DEGREE ENERGY
72 strt pnt = theta(1);
73 eng range = 1*pi/180;
74
75 i = 2;
76 while strt pnt + eng range < theta(length(theta-100))
77
78 theta init(i-1) = theta(i);
79
80 st thetad(i-1) = thetad(i-1);
81 cycle eng(i-1) = 1/2*(theta(i)-theta(i-1))*(force ca(i)+force ca(i-1));
82 Kin eng(i-1) = 1/2*Icm*(thetad(i-1)ˆ2 - thetad(i)ˆ2);
83
84 i = i + 1;
85 strt pnt = theta(i);
86
87 theta end(i-2) = theta(i);
88
89 cycle eng(i-2) = ...
cycle eng(i-2)/(theta end(i-2)-theta init(i-2))*(1*pi/180);
90 Kin eng(i-2) = Kin eng(i-2)/(theta end(i-2)-theta init(i-2))*(1*pi/180);
91
92 end
93
94 %%%CREATE LIN MATRIX
95 % st thetad(length(st thetad)) = [];
96 % cycle eng(length(cycle eng)) = [];
97
98 %%%CREATE LOGLOG MATRIX
99 log st thetad = [log st thetad;log(st thetad(3:length(st thetad))')];
100 log cycle eng = [log cycle eng;log(cycle eng(3:length(cycle eng))')];
101 end
102
103 %%%FIT LOGLOG LINE TO INITIAL VELOCITY -- ENERGY LOST PER ROTATION CURVE
104 F = @(x,xdata)x(1).*xdata + x(2);
105 x0 = [2 10];
106 [x,resnorm,¬,exitflag,output] = lsqcurvefit(F,x0,log st thetad,log cycle eng);
107 estimate = F(x,log st thetad);
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F.1.2 Oscillating Trials
Curve Fit
1 clear;
2 clc;
3 clf;
4
5 %THIS FILE IMPORTS .TXT FILES OF POSITION DATA AND USES A POLYNOMAIL
6 %FUNCTION TO ESTIMATE THE VELOCITY AT EACH POINT
7
8 for irun = 20:20 %FILES TO CONVERT
9
10 Pos Data = [];
11 grp = [];
12 time = [];
13 theta = [];
14 theta est = [];
15 time dot = [];
16 thetad = [];
17
18 name1 = sprintf('Pos Data%d.txt',irun); %NAME OF FILE
19 name2 = sprintf('Vel2 Data%d.txt',irun); %NAME OF FILE
20
21 txt title = name2; %TITLE OF NEW VELOCITY .TXT FILE
22
23 fid1 = fopen(name1); %OPEN FILE OF POSITION DATA
24 Pos Data = fscanf(fid1, '%g %g', [2 inf]); %GET DATA
25 fclose(fid1); %CLOSE FILE
26
27 span = 5; %SPAN FOR CURVE FIT / TOO MANY POINTS DOES NOT ALLOW FOR
28 %ACCURATE ESTIMATION AT EXTREME ENDS
29
30 Icm = 0.02447; %CALCULATED VALUES
31
32 time = Pos Data(1,:);
33 theta = Pos Data(2,:);
34
35 ender = length(time); %STOPPING POINT
36
37 %CREATE GROUP TO USE THE POLYNOMIAL ESTIMATE
38 for ind = 1:ender
39 if ind < round(span/2) %FORWARD INTERPOLATION GROUP
40 for j = 1:span
41 grp(j,1) = time(j);
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42 grp(j,2) = theta(j);
43 end
44 elseif ind > ender-round(span/2) %MID INTERPOLATION GROUP
45 for j = 1:span
46 grp(j,1) = time(j+ender-span);
47 grp(j,2) = theta(j+ender-span);
48 end
49 else %END INTERPOLATION GROUP
50 for j = 1:span
51 grp(j,1) = time(ind+j-round(span/2));
52 grp(j,2) = theta(ind+j-round(span/2));
53 end
54 end
55
56 F = @(x,xdata)x(1).*xdata.ˆ2+x(2).*xdata+x(3);
57 x0 = [-1 1 -1 1];
58
59 [x1,resnorm,¬,exitflag,output] = lsqcurvefit(F,x0,grp(:,1),grp(:,2));
60 theta est = F(x1,grp(:,1));
61
62 dF = @(x,xdata)2*x(1).*xdata+x(2);
63
64 time dot(ind) = time(ind);
65 thetad(ind) = dF(x1,time(ind));
66 ind/ender*100
67
68 end
69
70 Note Build(txt title,[time dot;thetad]); %CREATE .TXT FILE
71 end
Viscous Damping Estimation
1 %THIS FILE IMPORTS .TXT FILES OF POSITION DATA AND ESTIMATES THE NATURAL
2 %FREQUENCIES AND DECAY ENVELOPES OF THE OSCILATING DATA AS IF IT WERE A
3 %MASS-SPRING-DAMPER SYSTEM FOR MULTIPLE PEAKS THROUGHOUT THE DATA TO FIND A
4 %RELATIONSHIP BETWEEN THE DAMPING COEFFICIENT AND INITIAL POSITION
5
6 clear;
7 clc;
8
9 %LOCATIONS
10 Pos Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\OSC Trials\Pos Data\';
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11 Vel Folder = 'C:\Users\kja1497\Desktop\Gomes Lab Rimless wheel\Konrad ...
Ahlin\Friction Models\OSC Trials\Vel2 Data\';
12
13
14 Icm = 0.0379; %MOMENT OF INERTIA ABOUT INERTIA DEVICE COM, MEASURED VALUE
15
16 %MEASURED SPRING VALUES
17 rH = 0.0284;
18 l = 0.26;
19
20 k = 440;
21 spring num = 4;
22
23 global pre dL
24 pre dL = 0.02;
25
26
27 color = 'k.-';
28 mega facts1 = [];
29 mega facts2 = [];
30
31 for irun = 1:11 %FILE NUMBERS
32
33 theta peak = [];
34 time peak = [];
35 peak ind = [];
36 theta zero = [];
37 time zero = [];
38
39
40 %FILE DATA
41 Pos File = sprintf('Pos Data%d.txt',irun); %TITLE OF NEW POSITION .TXT FILE
42 Pos Loc = sprintf('%s%s',Pos Folder,Pos File);
43
44 fid1 = fopen(Pos Loc); %OPEN FILE OF DATA
45 A = fscanf(fid1, '%g %g', [2 inf]); %GET DATA
46 fclose(fid1); %CLOSE FILE
47
48 Vel File = sprintf('Vel2 Data%d.txt',irun); %TITLE OF NEW VELOCITY .TXT ...
FILE
49 Vel Loc = sprintf('%s%s',Vel Folder,Vel File);
50
51 fid1 = fopen(Vel Loc); %OPEN FILE OF DATA
52 B = fscanf(fid1, '%g %g', [2 inf]); %GET DATA
53 fclose(fid1); %CLOSE FILE
54
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55 time = A(1,:)';
56 theta = A(2,:)';
57 time2 = B(1,:)';
58 thetad = B(2,:)';
59
60 theta limit = 1.5; %SMALLEST PEAK TO TAKE DATA FROM
61 num = 2; %NUMBER OF PEAKS TO TAKE IN SAMPLE
62
63 %%%FIND n POSITIVE PEAKS INCLUDING FIRST POINT (GUARANTEED PEAK)
64 theta peak(1) = theta(1);
65 time peak(1) = time(1);
66 peak ind(1) = 1;
67
68 j = 2;
69 i = 2;
70
71 while theta peak(i-1) ≥ theta limit
72
73 if (theta(j)-theta(j-1)) > 0 &&...
74 (theta(j+1)-theta(j)) ≤ 0
75 theta peak(i) = theta(j);
76 time peak(i) = time(j);
77 peak ind(i) = j;
78 i = i + 1;
79 end
80
81 j = j + 1;
82
83 end
84
85 time stop = time(j);
86
87 %%%FIND TIMES THAT THETA CROSSES ZERO
88 j = 2;
89 i = 1;
90
91 while time(j) ≤ time stop
92
93 if theta(j) ≥ 0 &&...
94 theta(j+1) < 0 ... %GIVES POINTS ABOVE AND BELOW
95 %ZERO, NEED TO LINEARLY INTERPOLATAE
96 theta zero(i) = 0;
97 time zero(i) = time(j) + (time(j+1)-time(j))*...
98 (-theta(j)/(theta(j+1)-theta(j)));
99 thetad zero(i) = thetad(j);
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101 i = i + 1;
102 end
103
104 j = j + 1;
105
106 end
107
108 %%%FIT DECAY CURVE TO num PEAKS
109 time est tot = [];
110 theta est tot = [];
111
112 for i = 1:length(theta peak)-num
113
114 time est = [];
115 theta est = [];
116
117 F = @(x,xdata)x(1)*exp(-x(2).*xdata);
118 x0 = [1 0.03];
119
120 [x,resnorm,¬,exitflag,output] = lsqcurvefit(F,x0,...
121 time peak(i:num+i-1),theta peak(i:num+i-1));
122
123 peak est = F(x,time peak);
124
125 amp = x(1); %AMPLITUDE COEFF
126 gamma = x(2); %EXPONENTIAL DECAY COEFF
127
128
129 %%%ESTIMATE NATURAL FREQUENCY AND DAMPED NATURAL FREQUENCY
130
131 per = (time zero(num+i-1)-time zero(i))/(num-1);
132 %AVERAGE DISTANCE BETWEEN ZERO CROSSINGS TO FIND PERIOD
133
134 wd = 2*pi*(1/per);
135
136
137 wn = wd/sqrt(1-gammaˆ2);
138 k = wnˆ2*Icm;
139
140 time est = time(peak ind(i):peak ind(i+1));
141
142 theta est = exp(-gamma.*time est).*...
143 amp.*cos((wd.*time est)-wd*time est(1));
144
145
146 time est tot = [time est tot;time est(1:length(time est)-1)];
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147 theta est tot = [theta est tot;theta est(1:length(time est)-1)];
148
149 c = 2*Icm*gamma;%gamma*2*sqrt(k*Icm); %DAMPING VALUE
150 dL = spring func dl(theta peak(i),l,rH);
151 Ms = spring num*spring func2(theta peak(i),l,rH,k);
152
153
154 %CALCULATED SYSTEM INFO
155 facts(i,1) = theta peak(i);
156 facts(i,2) = c/(2*sqrt(k*Icm));
157 facts(i,3) = wn;
158 facts(i,4) = wd;
159 facts(i,5) = 1/per;
160 facts(i,6) = Ms;
161 facts(i,7) = -thetad zero(i);
162
163 end
164
165 mega facts1 = [mega facts1;facts(:,7)];
166 mega facts2 = [mega facts2;facts(:,2)];
167
168 end
F.2 Arduino Code
The Arduino mirco-controller was used as the primary source of data acquisition.
This code details how the mirco-controller was made to communicate the angular
displacement of the inertia device to the computer.
1 // Change these pin numbers to the pins connected to your encoder.
2 // Best Performance: both pins have interrupt capability
3 // Good Performance: only the first pin has interrupt capability
4 // Low Performance: neither pin has interrupt capability
5
6 #define encoder0PinA 2
7 #define encoder0PinB 3
8
9 //volatile unsigned int encoder0Pos = 0;
10 int encoder0Pos = 0;
11 double degCount = 0;
12 unsigned long time;
13
14 void setup() {
15 Serial.begin(115200);
16
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17 pinMode(encoder0PinA, INPUT);
18 pinMode(encoder0PinB, INPUT);
19 attachInterrupt(0, doEncoderA, CHANGE);
20 attachInterrupt(1, doEncoderB, CHANGE);
21 }
22
23 void loop() {
24 time = micros();
25 degCount = encoder0Pos*360.0/10000.0; \\convert from counts to degrees
26
27 Serial.print(time);
28 Serial.print("\t");
29 Serial.println(degCount, 3);
30
31 delay(10);
32 }
33
34 \\interrupt pin A
35 void doEncoderA(){
36 // look for a low-to-high on channel A
37 if (digitalRead(encoder0PinA) == HIGH) {
38
39 // check channel B to see which way encoder is turning
40 if (digitalRead(encoder0PinB) == LOW) {
41 encoder0Pos = encoder0Pos + 1; // CW
42 }
43 else {
44 encoder0Pos = encoder0Pos - 1; // CCW
45 }
46 }
47
48 else // must be a high-to-low edge on channel A
49 {
50 // check channel B to see which way encoder is turning
51 if (digitalRead(encoder0PinB) == HIGH) {
52 encoder0Pos = encoder0Pos + 1; // CW
53 }
54 else {
55 encoder0Pos = encoder0Pos - 1; // CCW
56 }
57 }
58 // Serial.println (encoder0Pos, DEC);
59 // use for debugging - remember to comment out
60
61 }
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198
63 \\interrupt pin B
64 void doEncoderB(){
65 // look for a low-to-high on channel B
66 if (digitalRead(encoder0PinB) == HIGH) {
67
68 // check channel A to see which way encoder is turning
69 if (digitalRead(encoder0PinA) == HIGH) {
70 encoder0Pos = encoder0Pos + 1; // CW
71 }
72 else {
73 encoder0Pos = encoder0Pos - 1; // CCW
74 }
75 }
76
77 // Look for a high-to-low on channel B
78 else {
79 // check channel B to see which way encoder is turning
80 if (digitalRead(encoder0PinA) == LOW) {
81 encoder0Pos = encoder0Pos + 1; // CW
82 }
83 else {
84 encoder0Pos = encoder0Pos - 1; // CCW
85 }
86 }
87 }
